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XIX: A Tenth Memoir on Quantics.

By A. Cavrey, F.R.S., Sadlerian Professor of Pure Mathematics in the
University of Cambridge.

Received June 12,—Read June 20, 1878.

THE present Memoir, which relates to the binary quintic ( * Y, %)° has been in
hand for a considerable time : the chief subject-matter was intended to be the theory
of a canonical form discovered by myself and which is briefly noticed in SALMON's
‘Higher Algebra,” 3rd Ed. (1876), pp. 217, 218; writing a, b, ¢, d, e, f, 9 ... u, v, w
to denote the 23 covariants of the quintic, then a, b, ¢, d, f are connected by the
relation f?= —a’d+a’bc—4c®; and the form contains these covariants thus connected
together, and also e; it, in fact, is (1, 0, ¢, f; a®b—3¢?, a’e—2¢f Y, )°.

But the whole plan of the Memoir was changed by SYLVESTER'S discovery of what
I term the Numerical Generating Function (N.G.F.) of the covariants of the quintic,
and my own subsequent establishment of the Real Generating Function (R.G.F.) of
the same covariants. The effect of this was to enable me to establish for any given
degree in the coefficients and order in the variables, or as it is convenient to express
it, for any given deg-order whatever, a selected system of powers and products of the
covariants, say a system of “segregates :” these are asyzygetic, that is, not connected
together by any linear equation with numerical coefficients; and they are also
such that every other combination of covariants of the same deg-order, say every
“ congregate ” of the same deg-order, can be expressed (and that, obviously, in one
way only) as a linear function, with numerical coefficients, of the segregates of that
deg-order. The number of congregates of a given deg-order is precisely equal to
the number of the independent syzygies of the same deg-order, so that these syzygies
give in effect the congregates in terms of the segregates: and the proper form in
which to exhibit the syzygies is thus to make each of them give a single congregate
in terms of the segregates: viz., the left hand side can always be taken to be a
monomial congregate a*bf. .. or, to avoid fractions, a numerical multiple of such
form ; and the right hand side will then be a linear function, with numerical coeflicients,
of the segregates of the same deg-order. Supposing such a system of syzygies
obtained for a given deg-order, any covariant function (rational and integral function
of covariants) is at once expressible as a linear function of the segregates of that
deg-order : it is in fact only necessary to substitute therein for every monomial
congregate its value as a linear function of the segregates. Using the word covariant
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604 PROFESSOR CAYLEY’S TENTH MEMOIR ON QUANTICS.

in its most general sense, the conclusion thus is that every covariant can be expressed,
and that in one way only, as a linear function of segregates, or say in the segregate
form.

Reverting to the theory of the canonical form, and attending to the relation
Jr=—a’d~+a*bc—4c?, it thereby appears that every covariant multiplied by a power
of the quintic itself @, can be expressed, and that in one way only, as a rational
and integral function of the covariants a, b, ¢, d, e, f, linear as regards f: say every
covariant multiplied by a power of a can be expressed, and that in one way only,
in the “standard ” form : as an illustration take a*s=6acd+4bc®+ef. Conversely
an expression of the standard form, that is, a rational and integral function of
a, b, ¢, d, e, f, linear as regards f, not explicitly divisible by @, may very well be
really divisible by a power of a (the expression of the quotient of course containing
one or more of the higher covariants g, h, &c.), and we say that in this case the
expression is divisible, and has for its divided form the quotient expressed as a
rational and integral function of covariants. Observe that in general the divided
form -is not perfectly definite, only becoming so when expressed in the before-
mentioned segregate form, and that this further reduction ought to be made : there
is occasion, however, to consider these divided forms, whether or not thus further
reduced, and moreover it sometimes happens that the non-segregate form presents
itself, or can be expressed, with integer numerical coefficients, while the coefficients of
the corresponding segregate form are fractional.

The canonical form is peculiarly convenient for obtaining the expressions of the
several derivatives (GoRDAN’S Ueberevnanderschiebungen) (a, b), (@, b)?, &c. (or as I
propose to write them abl, ab2, &c.), which can be formed with two covariants, the
same or different, as rational and integral functions of the several covariants. It will
be recollected that in GORDAN’S theory these derivatives are used in order to establish
the system of the 23 covariants: but it seems preferable to have the system of
covariants, and by means of them to obtain the theory of the derivatives.

I mention at the end of the Memoir two expressions (one or both of them due to
SyrLvesTER) for the N.G.F. of a binary sextic.

The several points above adverted to are considered in the Memoir; the paragraphs
are numbered consecutively with those of the former Memoirs upon Quantics.
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The Numerical and Real Generating Functions.m—Articl,e Nos. 366 to 374, and
Table No. 96.

866. I have in my Ninth Memoir (1871) given what may be called the Numerical
Generating Function (N.G.F.) of the covariants of a quartic ; this was

1 —abz!?
T1—azt 1—aft 1—a 1—ad 1 —ateS’

Ax)

the meaning being that the number of asyzygetic covariants a’*, of the degree 6 in the
coefficients and order u in the variables, or say of the deg-order O.u is equal to the
coefficient of ¢’z in the development of this function. And I remarked that the
formula indicated that the covariants were made up of (ax®, a®x% o?, o a®xf) the
quartic itself, the Hessian, the quadrinvariant, the cubinvariant, and the cubicovariant,
these being connected by a syzygy a®»'? of the degree 6 and order 12. Calling these
covariants a, b, ¢, d, e, so that these italic small letters stand for covariants,

Deg-order.
1.4

2.0
2.4
3.0
3.6

@ QS =

then it is natural to consider what may be called the Real Generating Function
(R.G.F.) : thisis
1—¢? .
l—a.1-b.1—c.1—d.1—¢’

the development of this contains, as it is easy to see, only terms of the form a“b?c’d? and
a*bPc'dle, each with the coefficient 41, so that the number of terms of a given deg-
order f.u is equal to the coefficient of a’2* in the first-mentioned function : and these
terms of a given deg-order represent the asyzygetic covariants of that deg-order: any
other covariant of the same deg-order is expressible as a linear function of them. For
instance, deg-order 6.12, the terms of the R.G.F. are ad, o®bc, ¢®: there is one
more term e® of the same deg-order; hence ¢* must be a linear function of these: and
in fact ®=—a*d+abc—4c?, viz., this is the equation ®*=—U3J+4 U TH—4H3.
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367. SYLVESTER obtained an expression for the N.G.F. of the quintic : ‘this is

a’. 1
+ad.  aBabta’
+at.  at4ab
+db.  x tadtal—a
+ab. P4t
+a’. x4ai—af
+ad. Pt

+a®.  adab—al
4al0  gpt—gl
+all.  x Fad—af
+al?  P—gB—gl0
4ald.  x —a’—a?
4ot at—gf—a8
_|_ ald, — ol — g
4ol P gf—ggl0
+al’. —xT—a?
Fals, 1 —pt—gS g0
+a'?, —ab—a’
+a®. —x—ab—ub

+ a23. — gl

1—axb, 1—a®x% 1—a%8, 1—a* 1—ad. 1—al?

viz., expanding this function in ascending powers of @, x, then if a term is Na’x*, this
means that there are precisely N asyzygetic covariants of the deg-order 6.pu.

868. It is known that the number of the irreducible covariants of the binary quintic
is =23 ; representing these by the letters o, b, ¢, d, e, f, g, h, ¢, 5, k, [, m, n, 0, p, q, 7,
s, t, u, v, w (a the quintic itself), the deg-orders of these, and the references to the
tables which give them are
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Deg-order.
1.5
2.2
.
3.3
1D

6.2
ool
7.1
))e5
8.0
o2
9.3

11.1

12.0

18.1

18.0

e N & Qe =

o,

SRR - T ot

u

Tab. Mem.

13
14
15
16
17
18
19
20
21
22
23
33
84
90
91
25

92

£

94
29
95

g
3
9

29A 5

607

Starting from the foregoing expression of the N.G.F. of the quintic, we can,
instead of each term a’xz*, introduce a covariant or product of covariants of the proper
deg-order . : the mode of doing this depends of course on the different admissible
partitions of 6, p, and it is for some of the terms very indeterminate : for instance,
aba'l is ai, bf; or ce. I found it possible to perform the whole process so as to satisfy
a condition which will be presently referred to; and I found

% See end of Memoir. The S of Table 93 has the value —96(D, M) +16 BO—7GK, but it is better

to use the simple value — (D, M); and the S of the present Memoir has this value, say S=—(d, m).

MDCCCLXXVIIL
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R.G.F. of quintic= Deg-orders.

1 . 1= 0.0—10.10
+d . 1—ag? 3.3—12. 8
4e . 1-=b° 35— 7.9
+f . 1=b 3.9— 5.11
+h . 1l—ag? 4.4—18. 9
+¢ . 1—0% 4.6—12.10
+5 . 1—ag? 51—14. 6
+£ . 1= 53— 9.7
+1 . 1—bg 5.7—11. 9
+m . 1—ag? 6.2—15. 7
+n . 1—bYy 6.4—14. 8
4o . 1—-0° 7.1—13. 7
+p . 1=b% 7.5—15. 9
+r . 1—0% 8.2—16. 6
+dj . 1—ag® 8.4—17. 9
+s . 1—abg 9.3—16.10
+hy . 1—ag® 9.5—18.10
+72 . l—ag® 10.2—19. 7
sk . 1—byg 10.4—18. 8
4+t . 1=b 11.1—17. 7
+jm . 1—ag?® 11.3—20. 8
+jo . 1—byg 12.2—18. 4
+v . 1=0° 13.1—23.11
+js . 1—=bg 14.4—20. 6
4+t . 1—g 16.2—20. 2
4w . 1—a 18.0—19. 5

l—a.1=b.1—¢.1—=g.1—q.1—u

where observe that each negative term of the numerator is equal to a positive term
into a power or product of terms a, b, g, contained in the denominator : this is the
condition above referred to. The expansion thus consists only of terms each with the
coefficient +1 ; for instance, a part of the function is A

s (1—abg) s 1—abg

l—a.1=b.1—¢. 1—g.1—q.1—%" ~1—¢c.1—¢.1—u 1—a.1—b.1—¢

where the first factor is the entire series of terms sc’¢é, and the second factor is the
series of terms a*0’g omitting only those terms which are divisible by abg : and in the
product of the two factors the terms are all distinet, so that the coefficients are still
each =1. The same thing is true for every other pair of numerator terms: and (since
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the terms arising from each such pair are distinct from each other) in the expansion of
the entire function the coefficients are each =-+1. Hence (as in the case of the
quartic) for any given deg-order, the terms in the expansion of the R.G.F. may be
taken for the asyzygetic covariants of that deg-order; and if there are any other
terms of the same deg-order, each of these must be a linear function, with numerical
coefficients, of these asyzygetic covariants: thus deg-order 6.11, the expansion
contains only the terms a®h, acd, be®; there is besides a term of the same deg-order,
ef, which is not a term of the expansion, and hence e¢f must be a linear function of
a’h, acd, be?; we in fact have ef=a’h—6acd — 4bc*

The terms in the expansion of the R.G.F. may be called “segregates,” and the
terms not in the expansion “congregates;” the theorem thus is : every congregate is
a linear function, with determinate numerical coefficients, of the segregates of the same
deg-order. '

369. I stop to remark that the numerator of the R.G.F. may be written in the
more compendious form

(1=8) (1= 0)+ (L=b) (0-+1)+ (L—B) -+ )+ (1 D) f
+ (1 —ag®) (d+h+j+m~+dj+ by 45> -+jm)
+(L—bg)(l+jo+Js)

(1 )i+ nt-p-+i)

+(1—abg)s
+(1—9)Jt
+ (I —a)uw;

but the first-mentioned form is, I think, the more convenient one.

870. It is to be noticed that the positive terms of the numerator are unity, the
seventeen covariants d, e, f, h, v, 4, k, I, m, n, 0, p, v, s, t, v, w, and the products j into
(d, h, g, k, m, o, s, t) where j* is reckoned as a product ; in all, 26 terms. Disregarding
the negative terms of the numerator the expansion would consist of these 26 terms,
each multiplied by every combination whatever a*0?¢’g’q“u* of the denominator terms
a, b, ¢, g, q, v (which for this reason might be called “reiterative”) : the effect of the
negative terms of the numerator is to remove from the expansion certain of the terms
in question, thereby diminishing the number of the segregates : thus as regards the
terms belonging to unity, any one of these which contains the factor 4° is not a
segregate but a congregate: and so as regards the terms belonging to d, any one of
these which contains the factor ag® is a congregate : and the like in other cases.

For a given deg-order we have a certain number of segregates and a certain number
of congregates : and the number of independent syzygies of that deg-order is precisely
equal to the number of congregates : viz., each such syzygy may be regarded as giving
a congregate in terms of the segregates: we have on the left hand side a congregate,

412
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or, to avoid fractions, a numerical multiple of the congregate, and on the right hand
side a linear function, with numerical coefficients, of the segregates.

371. The syzygy is irreducible or reducible ; and in the latter case it is, or is not,
simply divisible : viz., if the congregate on the left hand side contains any congregate
factor (the other factor being literal) then the syzygy is reducible : it is, in fact,
obtainable from the syzygy (of a lower deg-order) which gives the value of such
congregate factor. But there are here two cases; multiplying the lower syzygy by
the proper factor, the right hand side may still contain segregates only, and then no
further step is required : the original syzygy is nothing else than this lower syzygy,
‘each side multiplied by the factor in question, and it is accordingly said to be simply
divisible (S.D.). But contrariwise, the right hand side, as multiplied, may contain
congregates which have to be replaced by their values in terms of the segregates
of the same deg-order : the resulting expression is then no longer explicitly divisible
by the introduced factor : and the original syzygy, although arising as above from a
lower syzygy, is not this lower syzygy each side multiplied by a factor : viz., it is in
this case not simply divisible.

For example (see the subsequent Table No. 96, under the indicated deg-orders)
(6.6), from the syzygy 9d*=aj—b>42bh—cg, we deduce (7.11) the syzygy
Yad*=a% —ab*4-2abh—acg, which (all the terms on the right hand being segregates)
requires no further reduction : it is a reducible and simply divisible syzygy. But we
have (6.8) a syzygy giving de, and also (6.10) a syzygy giving e®; multiplying the
former of these by e or the latter of them by d, we obtain a value of dé?, but in each
case the right hand side contain terms which are not segregates, and have thus to be
further reduced ; the final formula (9.13) is

8de’= —4abj+ 3a*dg +4abt—8ab’h4- 4abeg —12b%d,

which is not divisible by any factor: the syzygy is thus reducible, but not simply
divisible.
A syzygy which is not in the sense explained reducible, is said to be irreducible.
372. The number of irreducible syzygies is obviously finite : it has, however, the
large value 179 as appears from the annexed diagram, showing the congregates
determined by these several syzygies, and the deg-orders of the syzygies :—
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Observe as regards the foregoing diagram, that dj? is irreducible (since neither dj
nor j? is segregate) and similarly 5%, 53, &c., are irreducible : we have thus the last or
J? column of the diagram.

The simply divisible syzygies are infinite in number, as are also the reducible
syzygies not simply divisible. There is obviously no use in writing down a simply
divisible syzygy ; but as regards the reducible syzygies not simply divisible, these
require a calculation, and it is proper to give them as far as they have been obtained.

378. The following Table, No. 96, replaces Tables 88 and 89 of my Ninth Memoir.
The arrangement is according to deg-orders, and the table is complete up to the
deg-order 8.40: it shows for each deg-order the segregate covariants, and also the
congregate covariants (if any), and the syzygies which are the expressions of these
in terms of the segregates. When there are only segregates these are given in the
same horizontal line with the deg-order ; for instance, | 5.9 | ab? ah, cd, shows that for
the deg-order 5.9 the only covariants are the segregates ab?® ah, cd; but when there
are also congregates, the segregates are arranged in the same horizontal line with the
deg-order, and the congregates, each in its own horizontal line, together with its ex-

. . . 5111 /
pression as a linear function of the segregates: thus Z;” —_C—m]—j_—el’ the segregates
are ai, ce, and there is a congregate bf which is a linear function of these, = —ai-+ce.

The table gives the irreducible syzygies and also the reducible syzygies which are not
simply divisible, but the simply divisible syzygies are indicated each by a reference
to the divided syzygy which occurs previously in the table.

374. Any syzygy might of course be directly verified by substituting for the several
covariants contained therein their expressions in terms of the coefficients and facients
of the quintic. But it is to be remarked that among the syzygies, or easily deducible
from them, we have (6.18) the before-mentioned equation f?=—a3d+abc—4c? and
also a set of 17 syzygies, the left hand sides of which are the covariants ¢, % . . . u, v, w,
each multiplied by @ or o?, and which lead ultimately to the standard expressions of
these covariants respectively, viz., each covariant multiplied by a proper power of «
can be expressed as a rational and integral function of a, b, ¢, d, e, /> linear as regards
J': supposing them thus expressed, a far more simple verification of any syzygy would
consist in substituting therein for the several covariants their expressions in the
standard form, reducing if necessary by the equation f?=—a*d-4abc—4c®: but of
course, as to the syzygies used for obtaining the standard forms, this is only a veri-
fication if the standard forms have been otherwise obtained, or are assumed to be
correct.

The 17 syzygies above referred to are
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Deg-ord.
6.10 a’g= 12abd+4b%+ ¢,
6.14 a*h= 6acd-+4bc*+¢f,
5.11 = —bf4-ce,
6.6 a = b3 —2bh+cg+9d?,
6.8 ak = —2bi+3de,
6.12 al =  20i—3df,
7.7 am=—2b%—cj+3dh,
7.9 an = b*e—6bl—2ck—/y,
8.6 a0 = 2bn-e,
8.10 ap = —2en—fj,
9.5 aq = —2b%4bdg—12dm-+hy,
9.7 ar = b+ bp—co-+hk,
10.8 as = 3bdk-+3dp+2im,
12.6 at = bjk—+jp—2mn,
18.5 1Bau = 2agq+bqy -+ 6bmy —6dj*—ghyj+no,
14.6 Sav = 20%q—8b%2—2b%gm+ 6bdgj — 12bm?+ 3et,
19.5 1Baw= 30%gt4b*qo—4bj*0—bgmo-+18bmi -+ 3dgjo—18djt — 3ght — 6mPo,

the last four of these being, however, beyond the limits of the table: the expressions
of g, h, © are here in the standard form : the standard forms of the other covariants
J k... u, v, w, wil be given further on.

Table No. 96 (Segregates, Congregates, and Syzygies).

Deg ord. Congs. Segregates.
1. 1 1
3
5. @
2. 0
2 b
4
6 ¢
8
10 a?
3.1
3 d
5 e
7 ab
9 J
11 ac
13
15 a3




614

PROFESSOR CAYLEY’S TENTH MEMOIR ON QUANTICS.

Table No. 96 (continued).

- Deg-ord. Congs. Segregates.
4. 0 q
2
4 b2,k
6 7
8 ad, be
10 ae
12 a%,
14 af
16 ade
18
20 ab
5.1 J
"3 I
5 ag, bd
7 be, 1
9 ab?,  ah, cd
11 * ar, ce
bf —1+1
13 a?d, abe
15 a’e, of
17 a’h, ac®
19 a’f
21 a’e
23
25 a?
6. 0
2 bg, m
4 n
6 * aj, B, bh, o
2.9 +1 -1 +2 —1
8 * - ak, b
de.3 +1 +2
10 ® a%g, abd, b, ch
& +1 —12 —4
12 * abe, al, ot
df.3 -1 +2
14 * a®? a*h, acd, bc?
ef +1 —6 —4
16 * o, ace
abf . 8.D. 511, bf
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Table No. 96 (continued).

J

MDCCCLXXVIIL.

Deg-ord. Congs. Segregales.
6.18 # add, a?be, oA

f? -1 41 —4

20 a®e, acf

22 a*h, a’c?

24, a’f

26 ate

28

30 ab

71 0

3 bj, dg

5 bk, eg, p

7 * abg, am, bd, ¢
dh.3 0 +1 +2 +1

9 * an, bl, ck, fy
bPe +1 +6 +2 +1
de.3 0 +1 +1 :
eh 0 +4 +2 +1

11 * a?, ab® abh, acg, bed
ad? A . S.D. 6.6, d2
et -1 41 -6

13 * ok, abi, bee, cl
ade e S.D. 6.8, de
vf e e e e S.D. 5.11, bf
fh3 -1 -2 43 —6

15 * adg, ad, ab’c, ach,
ae’ e e e e e S.D. 6.10, ¢*
ft +1 -1 +1 —6

17 * a?be, a®l, act c%

d SD. 612, df

o S.D. 511, iy

19 * adb?, adh, afed, abc?
aef S.D. 6.14, ¢f

21 * adi, ae, &f
a2bf 8.D. 5.11, &f

23 * atd, a®be, ac?
af? S.D., 6.18, f*

41K
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Table No. 96 (continued).

Deg-ord. | Congs. Segregates.
25 - ate, afcf
27 a’h, aPc?
29 atf
31 ade
33
35 al
8. 0 7 4
2 7
4 b, bm, dj, gh
6 * ao, bn, gt
k3 +1 =3 —1
ej +1 —2
8 * abj, adg, b% U?h, beg, cm
bd? e e e e e ... ... .. ... .. . SD.66, a
ek —4 +8 44 —6 +2
h2.3 +4 —8 —4 +8 —1 +12
10 * abk, aeg, ap, b4, on
bde N S.D. 6.8, de
dl.9 +2 . +3 +1 +3
1 . .o =1 @ =2
hi.3 +1 . . +2 —3
12 * a?bg, aPm, ab?d, acj, b, beh, Xy
adh S.D. 7.7, dn
be? S.D. 6.10, €2
cd? e e e e S.D. 6.6, 42
el .. =1 -2 +1 -2 42
fh 41 . =1 44 —6 +2
2 . . —1 . +1 —2 +1
14 * ‘aPn, abl, ack, afy, bei
ab? S.D. 7.9, b%
ad S.D. 7.9, di
aeh S.D. 7.9, eh
bdf S.D.6.12, df
cde S.D. 6.8, de
16 * a¥j, a*P, obh, oPcg, abed, b*P, Ph
ald? S.D. 6.6, d?
ael S.D. 7.11, e
bef S D. 6.14, ¢f
ce? e e S.D. 6.10, ¢
f1.3 +1 -1 +2 -1 -3 —6 +6
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Table No. 96 (continued).

Deg-ord. Congs. Segregates.
8.18 * @k, abi, abee, aél, %
a’de S.D. 6.8, de
“ab*f S.D. 511, of
afh S.D.7.13, fh
cdf S.D.6.12, df
20 * aty, aPbd, aPb%, ach, actd, bcd
a?e? S.D.6.10, ¢
afl S.D. 7.15, fi
by? S.D.6.18, f2
cef S.D. 6.14, ef
29 * adbe, afl, oci, abef, ace
a?df S.D. 6.12, df
24 * a*t®,  a*h, aPed, a?b%?, ot
alef S.D. 6.14, ef
of? S.D. 6.18, 12
26 * a*l, olce, ac’f
a’bf S.D. 5.11, bf
28 * asd, a*e, a’c?
af? S.D. 6.18, f2
30 afe, aief
32 alh, atc?
34 abf
36 abe
38
40 a8
9.1 @
3 bo, gk, s
5 * ag?, ag, ¥, bdg, I
dm.12 -1 -2 +1 +1
7 * ar, beg, bp, co, gl
b%.3 +1 —5 -1 +1
an.3 -1 -1 =1
em.3 +2 +2 +1 -1
hk.3 +2 +2 +4 -1
) . +1 +1
9 * ab®y, abm, adj, agh, b3d, bej, cdg
bdh.3 +1 . . +2 +1
daz3.27 . +2 +3 . +1 +2 -3
en +1 +6 . -1 . +2
k . —1 . -3 +3
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Table No. 96 (continued).

Deg-ord. Congs. Segregates.
9.11 ® a?o, abn, agi, b, Uck, ceg, op
adk S.D. 8.6, dk
aej T e e v e e e e e e S.D. 8.6, ¢
b3e . 41 -1 +6 +2 +1
bdz O 1 § K N 73
beh . . -1 +4 +2 +1
bfy e e e e S.D. 5.11, bf
d?e.9 +1 -8 -1 42 +2
Jm.3 +1 +3 41 . -3 . =3
1.3 +1 -3 -1 42 +5 . —6
13 * a?bj, aldg, abt, ab®h, abeg, acm, bld, o
abd? S.D. 6.6, d?
aek S.D. 88, ¢k
ah? S.D. 8.8, &?
ber S.D. 711, er
cdh C e e e e e e e e e e 8.D. 7.7, dh
de®.3 —4 +3 +4 -8 +4 . —12
Jn -2 +1 42 -3 +1 =2 . +2
il —1 . +1 -2 41 -3 -3 43
10. O
2 bg? by, gm, j?
4 * br, gn, jk
do.3 +2 —1
6 * agj, bdg, b'm, bdj, bgh, cg® cq
d?g e e e e e S.D. 6.6, 4?
eo +1 +2 +12 —12 -2
hm.3 -1 +1 + 6 +12 —2 +1 -3
i 4+1 —1 — 4 —12 42 -1
8 * abo, agk, as, b'm, bgi, cor
bdk S.D. 8.6, dk
bef S.D. 86, ¢
deg e e e e e e e e e S.D. 6.8, de
dp.9 -5 . +3 415 +5 — 6
hn. —6 +1 . +18 45 —12
m.3 +1 . . —3 =1 + 3
1.3 —5 . +3 415 +5 —12
10 * o?,  abq, ab%, abdg, ahj, h, by, bem, cdj, cgh.
adm e e e e e e e e . .+ . . . . 8.D.95 dm
b8 . +1 +10 -9 +3 +12 . +32 —12 — 4
b2dR.72 . -1 —2 +9 ~3 4+ 4 —8 —32 412 + 4
bek.2 . +1 +2 —=8 +3 . +4 +32 —12 — 4
bh2.6 . -1 -2 +3 —8 + 4 —2 — 8 412 — 4
d?h.27 . -1 — 2 +3 . +1 -2 —8 +12 4+ 1
g e e e e e e e e e e . . ..o ... SD.610, e
ep . . -1 . —2 —12 + 6 + 2
fo.2 . +1 +2 -3 47 . +4 +24 —24 — 4
.4 . -1 -2 +3 =5 . . . 412
kl.4 . 4+1 +2 -1 -1 . . +16 +12
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Table No. 96 (concluded).
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Deg.-ord. Congs. Segregates.
11. 1 go, ¢
3 bgj, dg® dq, jm
5 * b, bgk, bs, eg?, eq, gp
dr.18 —2 + 5—6 —3 43
ho.3 —2 +11 —24 —3 +6
.l +1 — 3+ 6 +1 —2
km.6 —2 + 5 =12 —3 +3
12. 0 @ 9, u
2 gr, jo
4 * g, b, bym, b?  dgj, g¢*h, hg
ko —2 -2 —4 43
m?.12 +2 +1 +4 —3 -3
13. 1 7 Ja, v
3 * bgo, bt, 9%k, gs, ky
gr.2 —2 +1 —1
mo.2 —4 +1 —1
14. 0
2 bgd, bgq, bu,  gPm,  gf?, mq, o
4 * bgr, bjo, g*n, gk, Js, mq
dgo o e S.D.10.4, do
dt.18 +1 +2 -1 +6 +3
mr. 12 +1 +2 -1 . +3

Theory of the Canonical Form.—Article Nos. 8375 to 381, and Tables Nos. 97 and 98.

875. As the small italic letters have been used to represent the covariants, different
letters are required for the coefficients of the quintic, and (using also new letters for

the facients) I take the quintic to be (a, b, ¢, d, e, £Y&, 7).

transformation of 2— (a, b, ¢, d, e, £YE )b, viz

this 1is

La b o d, e, £ XE—bn, an)’

Considering a linear
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55 5{:4,'] 1 0537}2 1 0527]3 5{_‘774« 175

1 —b + b? — b’ + bt — b
+b 1 —2b +3h?  —d4b® 45 bY
+ac ( 1 —3b +6b*  —10b?)
+a%d ( 1 —4b 1012
+a’e ( 1 — 5b)
atf ( 1)

which is

= ( 1 0 ac +1 a’d +1 ale +1 alf 4+ 1 Y& )P
b? —1 abec —3 a*bd —4 a’he — 5
b® 42 ab’c -6 a’b®d 410
bt -3 ab’%c —10
b? + 4

The values of a, b, ¢, d, ¢, f considered for a moment as denoting the leading
coefficients of the several covariants ultimately represented by these letters respec-
tively, are

a b c d e S
a +1 ae ~+1 ac +1 ace -+1 aff 4+ 1 a’d +1
bd —4 b? —1 ad® —1 abe + 5 abec —3
¢ +3 b%e —1 acd -+ 2 b3 —2
~bed 42 b*d + 8
¢ —1 be? —10

satisfying, as they should do, the relation f?=—a’d+4a’bc—4c?
Hence forming the values of a*b—3c¢* and a’e—2¢f, it appears that the value of the
last-mentioned quintic function is

(1, 0, ¢, f; a*b—3¢c? ae—2¢cf Y& n)°.

Writing herein #, y in place of £, u, and now using a, b, ¢, d, e, f to denote, not the
leading coefficients but the covariants themselves (a the original quintic, with £ 7
as facients), we have the form

A, =(1, 0, ¢, f, a®b—3¢? a’e—2cf Yz, y)?,
a new quintic, which is the canonical form in question: the covariants hereof

(reckoning the quintic itself as a covariant) will be written A, B, C ...V, W; and
will be spoken of as capital covariants.
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376. The fundamental property is: Every capital covariant, say I, has for its leading
coefficient the corresponding covariant ¢ multiplied into a power of @ : and this follows
as an immediate consequence of the foregoing genesis of A. The covariant ¢ of the

form é(a, b, ¢, d, e, fY§ 7)° has a leading coefficient = a% (a’cf—a’de+4&e.) which,

when «, b, ¢, d, ¢, f. .. ¢ denote leading coeflicients, is =¢ into a power of a: and
upon substituting for the quintic the linear transformation thereof
(1, 0, ¢, f, a®b—3c% aPe—2¢f Y&, )5,

(obsewmg that in the transformation & 7 into £é—by, ay the determinant of sub-
stitution is =a), the value is still =7 into a power of a ; or using the relation a=a,
say the value is =1 into a power of ¢. Now the covariant ¢ is the same function of
the covariants a, b, ¢, d, e, f that the leading coefficient ¢ is of the leading coeflicients
a, b, ¢, d, e, f; hence the italic letters now denoting covariants the leading coefficient
still is =1 into a power of @ : which is the above-mentioned theorem.

377. To show how the transformation is carried out, consider, for example, the
covariant B: this is obtained from the corresponding covariant of (a, b, ¢, d, e, £, 1)
that is

(l ae 1 af 1 bf 1 |{& n)>
hd —4 be —3 | ce —4
¢ +1 ed +1  d* +3

1
1

by changing the variables, and for the coefficients

a, b, ¢ d, e, f
writing 1, 0, ¢ f, ab—3c% a*e—2¢f;

thus the coefficients are

First. Second. Third.
1(a®b—3c?) L(a*e—2¢f) —4¢(a*b—3c?)
+3¢? +2¢f + 317
= o% = a% = —4a’bc+12¢3

+3(—aPd+a®be — 4c?)
= a*(—3ad—bc)

and we have thus the expression of B (see the Table No. 97); and similarly for the
other capital covariants C, D ...V, W : in every case the coefficients are obtained
in the standard form ; that is, as rational and integral functions of «, b, ¢, d, e, f, linear
as regards f.

378. It will be observed that there is in each case a certain power of a which
explicitly divides all the coefficients and is consequently written as an exterior factor :
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disregarding these exterior factors, the leading coefficients for B, C, D, E, F are
b, ¢, ad, e, f respectively ; that for G is 12abd+4b%—¢?, which must be =g into a
power of a, and (in Table 97) is given as =a%y, similarly that for H is 6acd4-4bc*>+ef,
which must be =4 into a power of @, and is given as =a%h : and so in the other cases.
The index of @ is at once obtained by means of the deg-order, which is in each case
inserted at the foot of the coefficient.

For A, B, C, E, F there is no power of @ as an interior factor, and for the invariants
G, Q, U we may imagine the interior factor thrown together with the exterior factor,
(G=a’g, &c.): whence disregarding the exterior factors, we may say that for A, B,
C, E ¥, G, Q, U the standard forms are also  divided ” forms. But take any other
covariant—for instance, D : the leading coefficient is ad, having the interior factor a ;
and this being so it is found that all the following coefficients will divide by a (the
quotients being of course expressible only in terms of the covariants subsequent to
f): thus the second coefficient of D is —0f~+ce, and (5.11) we have —bf+-ce=az, or
the coefficient divided by a is =1 ; and so for the other coefficients of D ; or throwing
out the factor a, we obtain for D an expression of the form (d, 4, . . Y, %)? see the
Table 98 : this is the ““ divided” form of D: and we have similarly a divided form for
every other capital covariant. All that has been required is that each coefficient of
the divided form shall be expressed as a rational and integral function of the
covariants @, b, ¢ . . . v, w: and the form is not hereby made definite: to render it
so the coefficient must be expressed in the segregate form. But there is frequently
the disadvantage that we thus introduce fractions; for instance, the last coeflicient
of D is =—ci+df, where to get rid of the congregate term df we have (6.12),
8df= —al+2ci, and the segregate form of the coefficient is = —§al-+Zci.

379. We have in regard to the Canonical form a differential operator which is
analogous to the two differential operators wd,— {xd,}, yd,— {yd,} considered in the
Introductory Memoir (1854). Let & denote a differentiation in regard to the constants
under the conditions

da= 0,
ob = e,
= 3f,

1, .
Sd= L(—bf+ed), (=)
e = —6ad—10bc,
= 2a%h—18¢,
which (as at once verified) are consistent with the fundamental relation
[P=—a*d4aPbc—4c3
then it is easy to verify that

d a .
(w&;—élcy[E—S)A:O ;
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and this being so, any other covariant whatever, expressed in the like standard form,
is reduced to zero by the operator

d d
0(}@/-—40?/65{;—8 ;

and we have thus the means of calculating the covariant when the leading coefficient
1s known.

Thus, considering the covariant B, the expression of which has just been obtained,
=(By, B,, By, y)? suppose : the equation to be satisfied is

x (B+2By )
—dey ( 2B+ Byy)
—a%B, —xydB,—%*%B, =0,

viz., we have

B, —6B,=0,
2B,— 8cB,—8B;=0,
—4¢B,—6B,=0;

which (omitting, as we may do, the outside factor a?) are satisfied by the foregoing
values B, B,, B,=b, ¢, —3ad—bc. And if we assume only B;=5, then the first
equation gives at once the value B,=e, the second equation then gives B,= —3ad—3bc ;
and the third equation is satisfied identically, viz., the equation is

— 4ce+8(8ad+be) =0,
that is
—4ce = —4ce =0.
~+c8b + c.e
+b3e 4+ b.3F"
~+3add +3(—0f4ce)
which is right.
Of course every invariant must be reduced to zero by the operation &: thus we have
Table No. 97,

adtg= 12 abd

~+ 4 b%

o A

and thence
ade b bee
a?8g=(12ad+8bc)db, = (12ad-+8bc) e, =+12 + 8
- 4h? 8¢ 44k L3 +12

+12ab .8 +12b(—bf+ce) —12 +12
+2e . de +2¢(—6ad—10bc)  —12 —20

which 1s =0, as it should be.
MDCCCLXXVIII, 4 1
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380. As already remarked, the leading coeflicients of H, I, J, &c., are each of them
equal to a power of a into the corresponding covariant A, 7, . . . ; hence, supposing
these leading coefficients, or, what is the same thing, the standard expressions of the
covariants h, 4, j ... v, w to be known, we can calculate the values of 8k, &, &j,.
8v, dw (=0, since w is an invariant) : and the operation & instead of being applicable
only to the forms containing a, b, ¢, d, e, f, becomes applicable to forms containing any
of the covariants. The values of 8a, 8D, ... 8v, Sw can, it is clear, be expressed in
terms of segregates ; and this is obviously the proper form : but for 8, 8¢, and &v, for
which the segregate forms are fractional, I have given also forms with integer co-
efficients. The entire series is

Deg-order.

2.8 oo = 0,

3.5 b = e

3.9 3 = 3f,

4.6 od = 1,

4.8 de = —6ad—100bc,

4.12 Of = 2a*b—18¢%,

5.3 dg = O,

5.7 oh = 2be—4l,

5.9 & =—2ab?+42ah—18c¢d,

6.4 & =—n,

6.6 Ok = —2aj+6b%—9bh—+3cg,

6.10 6l =—3abd—T7b%+"7ch,

7.5 dm=—0bk—p,

7.7 dn = dg,

8.4 8o = b+ 6bm—6dj—gh,

8.8 p = Babj—5bsadyg—10b*+15b0h—5beg+10cm,

9.3 &g = 0,

9.5 o = L ag+60%—~5bdg—ih), =2b% —2bdg— 6dm,
10.6 8s = —2agj+20°g+3b*m~+21bdj — 4bgh~+2¢g> — 3eq,
12.4 ot = L(bgm—+4bj*—3dgj—hq), =—0%+hq+6m?,
13.3 du = 0,

14.4 S = %(—5699"—1Obj'0+5g7'k—12j'.9—9ng), = —6dt— 6mr-+nq.
19.3 Sw = 0.

It is obvious that for every covariant whatever written in the denumerate form
(Lo, I, . - .Y, y)*, the second coefficient is equal to the first coefficient operated upon
by 8 ; so that the foregoing formulee give, in fact, the second coefficients of the several
covariants.

381. It is worth noticing how very much the formulse of Table No. 97 simplify
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themselves, if one of the covariants b, ¢, d, e vanishes, in particular if b vanishes.
Suppose b=0; writing also (although this makes but little difference) a=1, we have

a = 1,

b = o0,

c = o,

d = d,

e = ¢,
S =—d—4c,

g =

h = 6cd+ef,

1 = ce,
J = 9d*4-ce?,

E = 3de,

I =—3df42c%,

m = Yed?+3def—c*e?,

n =—6¢cde—ef,

0 = 9dPe+ced,

p =—9d* +12c%de~+cé¥,
q =—>54cd®—27d%ef+ 18c*de*+cef,
r = 9cdPe+3de’f—ce,

s = —27d%+54c*d*e+ 9cde®’ —2¢3¢3,

t =—81dYf—6d* +216c’d e+ 54cd’e’f—24c3de®— cPelf,

u = —27d>—18cd®e* — 4d*e3f 4 c*de?,

v =—8ldef—6d?"+216c*d% 4 bdcd?ef—24c3det — 1c%7,

w (not calculated).

These values are very convenient for the verification of syzygies, &c.: take, for
instance, the before-mentioned relation v=—6dt — 6mr-+ngq, that is, if V= (Vo V Xz, ),
then V,=—6dt—6mr-F-nq : calculating the three products on the right hand side,
observing that f* when it occurs is to be replaced by its value —d—4c?, and taking
their sum, the figures are as follows :—

4 L 2
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— 6t —6myr +ng Sum
dasf + 486 + 486
dse? + 36 + 54 — 27 + 63
Adte | —1296 —486 + 824 —1458
cdBe’f| — 324 — 324 +216 — 432
cdeb + 1 + 1
cd% | + 144 + 324 —216 + 252
c*detf | + 6 + 36 — 24 + 18
cted — 6 + 4 - 2

where the last column is, in fact, what V, becomes on writing therein a=1, b=0.
The verification would not of course apply to terms which contain b; thus (13.3) a
derived syzygy is jr=0bt+4mo; and the foregoing values give, as they should do,
Jr=mo: we might for the verification of most of the terms in b use values a, b, ¢, d,
e, /2 =1,0,0,d, e, —d: the only failure would be for terms containing be.

Table No 97 (Covariants of A, in the af- or standard forms : W is not given).

The several covariants are—

A=( 1 0 c+10 F+10 b+ 5 | atet+1l Y, y)
@ —15 | of —2
0.0 1.3 2.6 3.9 4.12 5.15
B=a| »+1 | e+l | ad—3 [Yx,y)
be —1
2.2 3.5 4.8
C=( o+1 | s+1 | e+ 3 | @+ 1 | wd+6 | oy—3 | aw2—1 [Ya,7)8
# —15 of —10 a?be— 8 5, ce+3 aded +2
& +15 aSef+3 a?bc -4
2 ef +]-
| ad¢t —1
2.6 3.9 4.12 5.15 6.18 7.21 8.24
D=a¥] awr+1 bf — 1 a?p? — 1 adf + 1 Y, y)?
ce + 1 acd + 3 a®bcf+ 1
adbc? + 4 ,, cPe— 1
nef + 1

4.8 5.11 6.14 717
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Table No. 97 (continued).

627

E=a®] e+1 |ad —6 | /=12 | o2 — 8 | ae— 5 | a¥bd— 6 [Yx, y)®
a%bc—10 ce+ 2 acd —36 adf —24 a?bPo— 2
a%c*+12 adbef— 4 pet — 1
wef — 2 »Cle+ 2 ac’d +18
%3+ 6
voef + 2
3.5 4.8 5.11 6.14 717 8.20
F=( Sl | + 2]a% + 1| &d + 34| a?lf — 40 | @' — 16| a'be — 7| abd + 6| dPde —12|a'%® — 2 |Yq, y)9
a¥c®—18 | afcf—86| atbe~ 42| ,ce + 5 |aded + 6|addf + 8|a*blc—22| a*bece +11 | aPbed + 6
alc3 +168 | alc?f—126 | a?bc®+ 134 | a?bef+ 8,2 — 1|, 8% — 9| a%h?c® +12
wef — 5|, +55|a’d + 54| ddedf +24 | , bef + 8
alct —252 | a'c3f — 84| a®bc? + 66 | a?bef+32 | ,, ce? — 1
weef +38 | ,,cPe —45 | adctd —14
a¢® +72| aclf + 9| a?bct —16
»Clef— B
adb — 2
3.9 4.12 5.15 6.18 7.21 8.24 9.27 10.30 11.33 12.36
G=a" ad + 12
a%% + 4
aa92 + 1
=a,29
6.10
H=CL2( acd + 6 a’be  + 2 a®b + 4 adde + 2 e+ 2 |, y)“'
a%bc® + 4 adf + 12 s 4+ 1 b + 4 »d2 + 6
wef + 1 a%bef — 8 ac’d — 36 ,,bce — 6 abed — 2
s — 8 abed — 24 acdf — 12 a??? — 8
noef — 6 b — 8 »bef — 3
sce + 8 nee? + 1
actd + 6
a%bct + 4
=a’h solef+ 1
6.14 7.17 8.20 9.23 10.26
I=a¥| t/—1 | o%® —2 | adf —15 | od—20 | adde — 5 | % + 2 | af% + 1 [T, ¥)°
ce+1 acd —6 | albef+ 5 | ac’d+60 | o + 5 » a2 —12 a3bdf + 3
a%bc®+8 | ,,cPe— 5 , bce— 5 adbed — 2 »ede— b
wef —2 acdf +30 a?b??— 6 a®b%f+ 1
a%be®f+ 5 062 — 2 , bc%e— 5
»Ce — § acdd —30 e — 1
abct — 8 actdf — 3
» CPef— 2 aetf— 1
= ,note + 1
5.11 6.14 7.17 8.20 9.23 10.26 11.29
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Table No. 97 (continued).
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L, )’

J=at(| o3 1 ae — 1 (Y, y)!
»d@ 4+ 9 abdf — 6
a%b?c? 4 sede + 6
»bef — 2 a%%f — 4
5y €% 1 ,, bcte + 8
nef + 1
=a3j
8.16 9.19
K=a*(| ade + 3 | o + 4 | % + 1 | &% + 6 |[Ya, y)®
a%%?f + 2 ,,d? — 18 abdf 4+ 6 a’bPc + 2
, bee— 2 abed — 18 acde — 15 ,ed? — 18
a%%? — 16 aO%f — 2 abe*d — 30
woef — 5 , bce — 2 adef — 9
nee? + 1 s — 1 a%b?c3 — 8
,, beef — b
=a?l » 0% + 3
7.13 8.16 9.19 10.22
adf —38 | a*bd — 3 | adde —12 | a3 6 | atd?e — 1| a’0%d + 15 | abbde — 7| ab0* — 2
albef—2 | a?bPe— T | &2 — 9| ,,d® — 39 | aPbdf + 39 | a'bde — 9 | @03 — 7| ,,bd® + 3
nele+2 | ac’d +42 | ,bce + 9| aPbed + 40 | ,,cde — 14 | ,,ed® + 18 | ,, b%e +14 | aPb%d +10
a%cd+ 28 | acdf +63 | @Bt + 59 | @%f + 16 | abd— 33 | ,,Bf +12| ,de + 2
neef+ T | a'bPf +42 | ,bef + T | ,bcfe— 12| ,def — 38 | aPbedf +23 | a'bPc® +13
b —42 | Lo — 1| oe@f + 1| a%%d + 15 |, cide —26 | ,, bef + 4
acdd  —210 | ac®df —105 | ,, beef+ 21 | a?b%*f +25 | , bee® — 2
albet —140 | a%c3f — 70 | ,, % — 12 | ,, b —53 | , ¢*d? —15
pelef— 85| ,cte + 70 | actd +126 | ,,cé¥f — 7| aPbPd —28
a%c® + 84 | adldf +21| ,cdef— 7
» 3ef + 21 | a%cif +14 | a?b2%t —19
a0 —14| , betef—10
» 0% + B
ac’d — 6
=il a’bc® — 4
2 c4eff -1
7.17 8.20 9.23 10.26 11.29 12.32 13.85 14.38
M=a" o°d — 2 | afbde — 1 | a®* — 1 |Ta,y)?
e — 1 A — 1 »0d® + 3
sed? + 9 ,, bPce + 2 a3b?ed + 6
abcd + 12 LA + 9 ndet + 1
»def + 3 abedf + 12 a3t + 5
a%®cd 4+ 4 ,, Cde — 12 , 0%f + 2
,»beef+ 2 % + 4 ,, bee? — 1
T | , bede — 8 » 3 — 9
poe?f — 1 abcdd — 12
y» cdef — 3
a%b%* 4
y bctef — 2
=a,4m, 9 0362 + ].
10.22 11.25 12.28
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Table No. 97 (continued).

— gt @M% + 1 a®de + 4 adbde + 12 attt + 4 attPe + 2 4
N=a( abdf + 6 | o> +36 | @ + 6 | b + 12 | e + 9 Y, y)
,sede — 6 a%?%3 — 16 , b%ce — 6 a’b%cd+ 8 ab?¥df+ 6
ab?%f + 4 »bcef — 8 B+ 54 ,de? + 4 ,, bede— 10
,,bcte — 8 ,c% + 4 abedf + 36 a3t — 12 | aPbief — 2
neéf —1 5 Cde — 36 » b2 — 4 5, D¥cfe— 11

. b Cd? —108 | ,,be*f — 3
abedd — 96 , cdif — 18
,s cdef — 24 wed + 1
%%t — 16 abc?df— 18
»bclef— 8 Ade + 18
,0¢ + 4 ab?3f— 4
bete + 8
=a’n cef + 1
9.19 10.22 11.25 12.28 13.31
atbde 3 a’’d — 6 1
O=af( ,, 2 I 9 ,, 4B — 54 T, y)!
ab?df 4+ 12 a’bte  — 2
, bede  — 12 nb%®  + 1
a%bPcf + 8 , bed?  — 18
,, 0% — 20 ab??d  + 24
WbEf  — 4 | L bdef + 18
5y €3 + 1 ,yede?  — 12
a%b’d  + 8
,0%ef — 8
,, bt — 10
=ato nef  — 1
11.21 12.24
P=0L4’( abde — 2| att — 2 | a¥Pe — 5| a’b3d — 8 | a’b?de + 6 | abhS + 2 g{m, ?/)5
BF — 1|, bd2 + 12| A% — 9|, d5 — 72 |a + 5|, 0% +12
w Bf =~ 9| BbPed— 10 | aPb2df — 24 | afdtc + 4|, bPce —13 | afbied — 2
abedf —12 | ,de — 5|, bede+ 44 |, 0% — 1|, bd% +21 |, bde — 3
» de +12 | a3 — 2 | aPbPef — 6 | ,,bod® — 24 | ,,cdPe —21 | ,,ed® —36
D% — 4| b2 — 1| ,,b%%+ 36 | atbled+ 52 | aPbedf — 4 | a*dic? —12
»wbcde + 8| ,bce® + 3| ,,b¥f + 6|, bdef+ 10 | ,,bc*de +10 | ,,b%f — 5
weef + 1|, + 90 | ,,cd? + 90 | ,,ede? + 8|, dé®f + 4| ,, 0% + 4
abc®d +120 | ,,ee® — 1| a®03c3 + 4 | a3 —17 | ,, be?d? —66
»odef + 30 | abd’df+120 | ,, bPcef— 2 | ,, b%%e +44 | ,, dPf —18
a%%* + 40 | ,, Bde —120 | ,, be?e®+ 2 | ,, bed®f +13 | a’b¥3d —10
»bcPef+ 20 | a%2Af+ 40 | ,, BAd? —180 | ,, *d?f —45 | |, bedef — 4
w3 — 10 | ,,bete — 80 | ,,3f + 1|, ¢% — 5|, cde? + 1
v 62 — 10 | a betd —240 | abcPdf —60 | ofbict +14
»Cdef— 60 | ,,ctde +60 | ,, b%%f +11
a%b?® — 80 | a%bPcf —20 | ,, bcPe® —11
y» 03ef— 40 | ,, bcfe +40 | ,, *d? +18
st + 20| P — 5 | edf — 1
abcbd  +26
» Pdef + 6
a%?%s + 8
, betof + 4
=qalp y €97 — 2
11.25 12.28 13.31 14.34 15.37 16.40
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Table No. 97 (continued).

Q:aG( atb? — 2 R:@G( adbde — 1 adbb + 2 atbte  + 1 j{w, ?/)2
L, A2+ 18 vt + 1 , 0%d? + 6 att’df + 3
a3b3ed  + 22 ,, bPce — 3 a’hed — 2 ,, blede — 11
,,bde? + 3 5 0 — 9 ,, bde? — 2 » Bf  — 27
yedd  — B4 ,, cdPe + 9 , P — 54 ,ded — 1
a?bt*  + 12 a Vledf — 12 a?b*? — 8 a?bef + 1
»0%f + 5 ,, b2de + 24 ,, blef  — 4 ,, D3cte — 7
, D% — 4 » déf + 3 ,, V% + 2 , V2 — 2
D bd? —108 WOBEF — 4 | kA — 72 | bedf — 45
, dlef — 27 ,, Ve + 12 , dPef — 18 , beed + 1
ab¥Pd — 72 , boe?f 4+ 3 abdcd — 24 ,, ¢2d?e + 45
» bedef — 386 5, — 1 , bedef — 12 a b2Rdf — 24
,, ctde* + 18 » CPde? + 6 ,, bedde + 48
albct 16 a3f — 4
, bictef — 12 , Dcte + 12
,, be3e?  + 12 ,» b2 + 3
woedf 4+ 1 ,, e — 1
=alq =abr
14.30 18.27 14.80 15.33

S=af(| a'bd + 9 atbtd 4+ 15 a’h3de — 6 att o — 2 Y y)
aBdf + 7 b5 DA — 27 , dle — 27 , 03 + 9
, Dcde — 12 a*c + 3 att’sf  —~ 3 a+ - 27
» Bf  — 27 , VPed? — 99 , b%e 4+ 9 aPbted + 18
a?bief + 2 , A% — 18 y 2 — 9 , Videé® + 6
, b3t — 6 a?b3ctd — 114 5 bed?e — 18 , DCd®  — B4
5 bod?f — 54 » U2def — 38 atbPedf — 9 atie? + 15
,, Cd?e + 54 ,, bedé? + 12 ,s U¥Pde + 24 , b¥f + 6
o Bdf — 36 L od 4+ 162 Lbdef + 3 L BRd — 36
5 bc3de + 72 a?t? — 24 » 3 + 8l , b — 6
Ledef + 9 , Voof — 9 Ledd — 3 DB — 27
a3} — 8 B + 9 a®b*ef + 6 , bdP%f — 9
, bt + 24 ,, be3d? 4+ 324 ,y DPce  — 18 , cd?e? — 9
, 0% 4 6 , cdPef + 69 y D% — ab3cAd — b4
,, OB — 2 a b¥%*d + 216 2 O + 162 , bledef — 27

,s be?def + 120 ,, bc?e® + 3 ,, bEder + 3

, C3de? — 54 5, GdPe — 162 , C3d3  — 54

WS+ 48 o BSdf + 108 Lddf — 2

5 bAcPef + 36 ,, betde — 216 a?btet  — 24

,, bete® — 36 , CAde?f — 27 5 D3ee?f — 21

5 S —~ 3 a3 + 24 e + 21

, b%Pe — 72 5 bc*d? — 108

, 0P — 18 » beedf + 2

sc® 4+ 6 y C¥dPef — 27

abhd — 72

,5 b3def — 36

,, C*de? + 18

0B3c8 — 16

5 D2cte 12

,, bcfe® + 12

=als 1 03‘93f + 1
15.33 16.36 17.39 18.42
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Table No. 97 (continued).

T, y)]‘

T’:( a’bdde 4+ 7 abb? + 2
Lbde 4+ 27 | ,pa® + 6
atbsf + 1 abbbed  — 10
,, D%ce — 2 , DPde? — 8
DB 4+ 24 | o bed — b4
, D%cdfe — 54 , A3 — 27
, A4 — 81 atbbc? — 14

L S , UPef  — 7
adbtedf + 16 , bt + 9
, B¥c’de — 76 , b3Ad?  — 84
5 V2 — 12 | VdPef — 27
, bed?f  — 216 , bed?e® + 9
, beded 4+ b At + 162
y» CdPe  + 216 afbtedd  — 8
ablicde — 8 , Dledef + 4

P — 216 bcfde? + 18
, V%P3 + 2 , b3+ 432
, bddPe 4+ 432 » bdéf 4+ 3
,, cd?e®f  + 54 , cdPef  + 108
a B3Adf — 96 pedet  — 1
, D¥%tde + 283 a?bSct + 16
, bede®f + 72 , U¥cPef  + 20
, CBded — 24 , D3cBe? - — 24
Ot  — 16 , BPctd? 4 432
, U3+ 64 ,b%3f — b

bR + 24 , b?d?ef + 216
, beted  — 16 T S |
A | , c3d?e?  — 108

a b3cSd 4+ 192
, bidef + 144

betde? — 144
, C2dedf  — 12
a%btet 4+ 32
,» Uctef 4+ 32
, DB — 48
, be3f — 8

=8t 5, Cled + 2
19.41 20.44

MDCCCLXXVIII.

U
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aSb8d — 3
, D33+ 14
, A5 — 27
a*b7c — 1
,, bled?  + 84
, D%dPe® + 11
, bedt — 81
a?bbc®d  + 32
, bidef  + 10
,, D3ede® — 6
, V3PS — 144
, bdbef  — 18
, cdPe?  — 18
a?bSc? + 8
,» Dicef  + 4
,, b4 — 6
, B3e3d?  — 152
, bPcdPef — 60

bePd?e? 4+ 6
» &2Sf  — 4
o btctd — 80
,» Dcdef — 56
, bRc3de? + 48
5 bedéf + 2
, et + 1
ab5¢ch — 16
 Dief + 16
5, DPcte® 4+ 24
,, D2Sf + 4
,bedet 4+ 1

=au

2145
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Table No. 97 (concluded).

adb8

=a%

F++ 1 ++++++1 1

I

|

P+

I ++ 11

+ 1+ 1

4
12
20
23

108
81
28
15
20

168
78
72

324
81

6
16

8

112
864
18
432
7
216
32
40
40
864
10
648
648
54
384
384
576
96
24,
64
80
160
40
20

abble — 2
C,, bidPe — 48
,, bd*e  — 162
aPoSdf  — 6
,, Dede  + 8
y D33 — 144
,, D3de® + 8
,, DedPe + 324
» A5 + 486
5, dPe3 + 63
atblef  — 2
,, b%c%e  + 18
» P+ 7
LB — 144
,s DYced  — 9

,, D3c2d?e + 648
y» D22+ 99
o bedd” + 1458

,, bedPed — 27
,, Cdte — 1458
aBAdf — 32

. bidde + 208
. Bedef + 20
,, bRdSF 4+ 1728

, D% — 40
. bB3d3e — 3456
) bdetf  — 3
y C3f  — 432
, cde® 4 1
a’bt?edf — 20

» DAY + 1008
,» D33+ 20
, D%t — 3024
,, DPeelf  + 5
y bEPdPEf — 756

y BC?S — 1

, P+ 252
a bictdf + 288
, Pode — 1152
L DRSdef — 432
,, betde®  + 288
, Cdetf + 18
a%bbef 4+ 32
,, bicbe — 160
, bPete*f — 80
, 0% 4+ 80
5 bt 4+ 10

2

4. —_—
5, cteb

L, y)®

22.46

28.49
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Table No..98. Covariants of A, divided and (except as to a few coeflicients) segregate.

A and B as given in Table 97 were divided and segregate.
C was divided but not segregate : the divided and segregate form is

C=( c+1 | 748 | e+ 38| a% + 1 | &d +6 | % + 3 | a9 — 1 [z )6
( =15 | af =10 | a%¢ — 3 | %%+ 3 | ,h + 1 %@, y)
»e +15 aded — 4
’ adct — 1
2.6 3.9 4.12 5.15 6.18 721 8.24
D divided and segregate is
+3
De=ad(| ¢ + 1 | ¢ + 1 | a® —1 | al —1 [Kp o)
( wh + 1 i — 1 ?Z,?/),
alcd — 3
3.3 4.6 5.9 6.12
an integer non-segregate form of the fractional coefficient is
0 — 1
df + 1
E was divided but not segregate : the divided and segregate form is
E:( e + 1 ad — 6 ar +12 @ — 8 | afbe — 5 atqg — 1 ZZQ(;, y)5
abe —10 ace —10 wh — 2 j sl + 8 a*bd + 6
acd —24 act —12 a?b?c + 2
a%bc? + 20 a’c®e + 5 »ch + 2
ac?d + 6
‘ | a¥bc® — 2
3.5 4.8 5.11 6.14 7.17 8.20

F was divided but not segregate : the divided and segregate form is

-3

F__.( Sf+1a®% + 2|aPe + 1| a®d + 34|a% + 40|a%? — 16 |a’be — 21|ay — 1|a% — 4|a6® — 2 Ziw y)g
- a’c2—18 | a%f—36 | a?bc— 42 |a’ce — 35|,k — B|dl — 8|a%%d + 18|dPbi + 1,0k + 3 2 ’
a’c® +168 | %% +126 | ded + 46 |,,ci — 16| a'b?c— 18|atbce + 2|, cg — 1
a?bct +155 | a?c% +189 | ,, ch + 38|, ¢l — 8|ahci+ 4
adct + 252 | a0¢3f — 252 | aPc’d —174 | aPc*% —16|,, ¢k — 5
a?be?— 86| e —13 | aPc’d + 16
¥ + 72|a%Y + 9| a%bet + 4
ald — 2

39 412 5.15 6.18 7.21 8.24, 9.27 10.30 1138 1236

where for an integer non-segregate value of the fractional coefficient, see the original
form of F.
iM2
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Table No. 98 (continued).

G as an invariant was divided and segregate, G=a’ ¢

4.0
H divided and segregate is
+3 +3
H=a*(| » + 1 be +2 atq + 1 a’k + 2 a;fj + 2 |fa, ./l/>4l:
I —4 abd —12 abt — 8 a’b®  + 4
alch — 6 a’boe— 6 wOh — 5
5 0 +12 neg + 1
abed +12
1 a%?h + 3
4.4 5.7 6.10 7.13 8.16
where the fractional coefficients are =
ade + 2 a?® 4+ 2
ORf+ 4| A + 6
5, bee — 6 abed — 2
50 4 a%b*? — 8
2] bef -3
»Ch + 1
nweer + 1
I divided and segregate is
+3 =3 +3
I=OL3( i+ 1 | ab® —2|al + 5| ad—20| &k — 5 |aY — 4| % + 3
wh + 21 % —15 | a%*d+60 | ¢?bs —25 | @®0® +10 | ,,b0 + 9
alcd —18 acl —30 | ,,0bh — 8|, ck — b
O +45 | ,eg + 4|, fg — 3
afbed — 6 | afber — 8
abe® —18 | ab?f — 9
5 GPh— 6|, bcle —15
a%ld —854 |, + 3
a3 — 8
4.6 5.9 6.12 7.15 8.18 9.21 10.24
where the fractional coefficients are=
atde — 5 | 33 + 2| adb% + 1
ab¥ + 5| ,,d* —12 | a®bdf + 3
»bee— b | aPbed — 2| ,,cde — 5
¥ — 5 | ab®%® — 6 | ab?f + 1
wedf+30 | ,,h — 2|, bc*e — 5
wee? — 20 e — 1
a%ctd —18 | a%% + 1
W — 3

Ziw? y )6’
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Table No. 98 (continued).

J divided and segregate is
J= o (j, —nYx, y)t

5.6 6.4
K divided and segregate is
K':aﬁ( o+ 1 a  — 2 an + 1 a'm — 3 |, y)b’_
B> + 6 aels — 3 aj + 1 v
Y a'bdec— 2
weg + 3 s beh+ 3
2} ’?29 - 1
5.3 6.6 7.9 8.12
L divided and (as to first six coeflicients) segregate is
-3 ~+3
L=a*? + 1] abd — 8| @k — 4| 18] a - 8|am —1 &bde— 7| atn — 2 Iw, )T

b — T abi + 1| ¥ — 5| a®l — 45 | &% +13 ; &3 — 7| ,,bd® + 3
weh + 7| a%l —21 | bk — 5| ,ck— 20| ,¢ + 3 ,b%e+14 | a*b?ed +10
seg + 10| abet ~ 10 | a?bdc —13  ,, d*f +12 | ,dé® + 2
abed + 30 | &%+ 103 | ,, bekh +29 ' abedf +23 | a?32 +13
a2 +103 iy —16 ' ,,c%de —24 | ,, B%f + 4
s, ch —105 abe*d — 8 a%%cf +25 | ,, b2 — 2
a’t?e3 —21  ,, bce —55 | ,, 2 ~15
»C6h +21 0,3 — 3 | abc’d —28
‘ncgf,”'*’ 2 ,,0(16]’-—-7

pedf — 7| %%t —19

» beef —10
weth — 1
» 3 + 5

5.7 6.10 7.13 8.16 9.19 10.22 11.25 12.28

where the fractional coefficients are =

a?? — 1

@t -~ 6

W+ 3| abdf +39
abed +26 | ,cde —22
%% +31 | a%%f +16
Sbef 4+ 7|, bde— 4
weth = 7], +19
peet -~ 1| ,,¢fh —~ 8
WSt =14 e + |

the last two coefficients have not been reduced to the segregate form.

M divided and segregate 1s

M=a* m + 1 | ok — 1 { ahj — 1 Yz, y)%
p = 1 | adg 4+ 1
o0 em — 1

i

6.2 7.5 8.8
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Table No. 98 (continued).

N divided and segregate is

PROFESSOR CAYLEY’S TENTH MEMOIR ON QUANTICS.

N=a"| n + 1 | ¢ + 4 | ap— 6 | o — 4 | o + 1 Ha,y)*
en — 6 »dg + 4 atbn — 1
ab* + 8 acp + 2
D — 12 a’®n4+ 1
»beg + 4
som — 8
%y — 4
6.4 7.7 8.10 9.13 10.16
O divided and segregate is
O=a o + vy + 1 |Ta, y)h
bm + 6
if — 6
gh — 1
7.1 8.4
P divided and (as to first three coeflicients) segregate is
P=a®( p+1 | af +8 | a% + 7 | a®om + 8 | % — 3 | oy + 2 (Y, y)°
widg — 5 | abm — 2 | ,dj +3 | nbp — 3 | ,bdg— 2
a%b* —14 alcp —14 abdd + 9 Lem -+ 2 ‘atbem + 2
b 15 Jb +13 | abde + 3 | , bek — 1
5 bog— & »odh — 9 s bdl + 3 sep — 1
5, cm +10 nedg —12 »0ff + 8 abdecd + 24
D@ —81 | Ld% —27 | b — 6
a%t — 5 ,hadeh — 3 5 bedh —33
» 0%ch — 8 »fg — 8 »efdg +15
5, 0% — 1 abdce — 7 ,edd  —54
5 bt — 1 ,, D%l + 1 wdfk — 9
5 bed? — 9 ,» 0%+ 9 a%b4c3 4+ 8
nbel — 1 5 bedi — 9 5, D%h—11
»Ofk + 1 5, beeh +10 » b3 + 3
, 00m —12 , CPeg — 3 ,, bfd?—18
»waet + 9 ne®p + 9 » bofb— 1
b €0 4+ 1 5, cd?e +18 s O — 6
nfp — 2 »ofm + 4 »ofp + 2
wefl + 3
7.5 8.8 9.11 10.14 11.17 10.20

the last three coefficients have not been reduced to the segregate form.

Q as an invariant was divided and segregate, Q=a'* ¢

8.0
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Table No. 98 (continued).
R divided and segregate is

2 +3
R=aY(| » + 1 ag 4+ 1 | abo — 1 [Ya, y)?
: a%? + 6 wgkh — 1
nbdg — 5 s  + 3
why — 1 ader — 8
8.2 9.5 10.8
where the fractiona. coefficients are =
¥ 4+ 2 | bk + 3
blg — 2 | by + 1
am — 6 or + 1
deg — 1
dp 4+ 3
S divided and (as to the first three coefficients) segregate is
- 2
S=0012( s + 1 agf — 2 abr — 1 g + 4 (Y, y)3,
a3y + 2 pdo — 1 ab® + 4
,0Pm + 3 ades — 3 »0%dg — 4
Lbdj + 21 ~bdm — 31
»bogh — 4 wd¥ — 3
weg® + 2 a%% + 4
» O — 3 ’b3d2+ 6
yy bdPh— 24,
,nden + 4
wfs — 1
9.3 10.6 11.9 12.12
but the last coefficient is neither segregate nor integer.
T divided and segregate is
+2
T=a( ¢ + 1 | tgym + 1 |Ya, ),
2 o+ 4
dgg — 3
111 12.4 |
where the fractional coefficient is =
g — 1
hq + 1

m: 4+ 6
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Table No. 98 (concluded).

U as an invariant was divided and segregate, U=a'®
12.0

V divided and segregate is

V:CL]Q( v 4+ 1 bgr
bjo
ajk
Js
ng

P+

181 144

where the fractional coefficient is =

di  —
me

ng

[aalier Yo

+ 1

W as an invariant was divided and segregate, W=0a* w
18.0

Derivatives.—Article Nos. 382 to 384, and Tables Nos. 99 and 100.

382. T call to mind that any two covariants a, b, the same or different, give rise to
a set of derivatives (a, b)Y, (a, D), (a, D)®, &e., or, as T propose to write them, abl, ab2,
ab8, &e., viz. :

abl=d, a . d, b— dya . d.b
w2=dja . db—2d,da . dd, b+ dfa. d2b
ab3=d*a . db—3d2d,a . d.db4+3d,dre . drdb—da . d?b

&e.
or, as these are symbolically written, abl=12ab,, ab‘z:ﬁﬂalbg, ab3=123a,b,, &c.;
a d d d d
where 12__51772—@327;1, =0y dy, e, Ay the differentiations —- o @pplymg to the a,

and the ;Z—’ ;;— applying to the b,, but the suffixes bemg ultlmately omitted : hence
if @ be the index of derivation, the derivative is thus a linear function of the differ-
ential coefficients of the order @ of the two covariants @ and b respectively : and we
have the general property that any such derivative, if not identically vanishing, is a
covariant. If the ¢ and the b are one and the same covariant, then obviously every
odd derivative is =0; so that in this case the only derivatives to be considered are
the even derivatives aa2, aa4, &c. : moreover, if the index of derivation 6 exceeds the
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order of either of the component covariants, then also the derivative is =0: in
particular neither of the covariants must be an invariant. The degree of the
derivative is evidently equal to the sum of the degrees of the component covariants ;
the order is equal to the sum of the orders less twice the index of derivation.

383. It was by means of the theory of derivatives that Gorpax proved (for a
binary quantic of any order) that the number of covariants was finite, and in the
particular case of the quintic, established the system of the 23 covariants. Starting
from the quantic itself a, then the system of derivatives aa2, aad, &c., must include
among itself all the covariants of the second degree, and if' the entire system of these
is, suppose, b, ¢, then the derivatives abl, ab2, abs, &e., acl, ac2, &c., must include
among them all the covariants of the third degree, and so on for the higher degrees;
and in this way limiting by general reasoning the number of the independent
covariants of each degree obtained by the successive steps, the foregoing conclusion is
arrived at. But returning to the quintic, and supposing the system of the 23
covariants established, then knowing the deg-order of a derivative we know that it
must be a linear function of the segregates of that deg-order; and we thus confirm,
- a posteriori, the results of the derivation theory. I annex the following Table No. 99,
which shows all the derivatives which present themselves, and for each of them the
covariants as well congregate as segregate of the same deg-order: the congregates
are distinguished each by two prefixed dots, .. bf, &c. No further explanation of
the arrangement is, I think, required. We see from the table in what manner
the different covariants present themselves in connexion with the derivation-theory.
Thus starting with the quintic itself @, we have the two derivatives aa4, aa2,
which are in fact the covariants of the second degree (deg-orders 2.2 and 2.6 respec-
tively) b and ¢. For the third degree we have the derivatives ab2, abl, ach, ac4,
ac3, ac2, acl : the deg-order of acb is 3.1, and there being no covariants of this
deg-order, ac5 must, it is clear, vanish identically : ab2 and ac4 are each of them
of the deg-order 3.3, but for this deg-order we have only the covariant d, and hence
ab2 and ac4 must be each of them a numerical multiple of d ; similarly, deg-order
3.5, abl and ac3 must be each of them a numerical multiple of e; deg-order 3.7, ac2
must be a numerical multiple of ab; and deg-order 3.9, acl must be a numerical
multiple of f: the 7 derivatives, which primd facte might give, each of them, a
covariant of the third degree, thus give in fact only the 3 covariants d, e, f; and in
order to show according to the theory of derivations that this is so, it is necessary
to prove—1°, that acs=0; 2° that ac4 and ab2 differ only by a numerical factor ;
3°, that abl and ac3 differ only by a numerical factor; 4° that ac2 is a numerical
multiple of ab : which being so we have the 3 new covariants. The table shows that

for degrees 2,8, 4, 5, 6, 7, 8 9,10,11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24
No. of derivatives= 2, 7, 19, 29, 41, 46, 52, 46, 44, 35, 26, 19,17,12,13, 6, 6, 3, 3, 1, 1, 0, 1

so that the whole number of derivatives is 429, giving the 22 covariants b, ¢ . .. w.
MDCCCLXXVIII. 4 N
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While it is very remarkable that (by general reasoning, as already mentioned, and
with a very small amount of calculation) GorpAN should have been able in effect
to show this, the great excess of the number of derivatives over that of the covariants
seems a reason why the derivations ought not to be made a basis of the theory.

It is to be remarked that we may consider derivatives pgl, pq2, &c., where p, ¢
instead of being simple covariants are powers or products of covariants; but that
these may be made to depend upon the derivatives formed with the simple covariants.
(As to this see my paper “ On the Derivatives of Three Binary Quantics,” Quart. Math.
Journal, t. xv. (1877) pp. 157-168.)

Deg.
Ord.

Deg.
Ord.

Table No. 99 (Index Table of Derivatives).

2
0 2 4 6 1 3 5 7
b ¢ d e ab f
o 4 2 ab 2 1
ac 5 4 3 2 1
2 derivs. 7 derivs.
5
0 2 4 6 8 10 12 1 3 5 7 9 11 13
g b? ¢t ad ae a?b J E ag be ab® ai atd
h be c® bd l ah L bf abe
cd  ce
ad 3 2 1
ae 5 4 3 2 1 ah 4 3 2 1
af 5 4 3 2 1 as 5 4 3 2 1
w2 bd 2 1
be 2 1 be 2 1
cc 6 4 2 bf 2 1
cd 3 2 1
ce 5 4 3 2 1
of 6 5 4 3 2 1
19 derivs. 29 derivs.
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Table No. 99 (continued).

Deg. 6
Ord, 0 2 4 6 8 10 12 14
by n aj als aty abe a*h?
m b3 b abd - al a?h
bh ..de  b% ct acd
¢y ch odf o be?
L. d? 2 ef
aj 1
ak 3 2 1
al 5 4 3 2 1
bh 2 1
by 2 1
ch 4 3 2 1
ct 6 5 4 3 2 1
dd 2 '
de 3 2 1
d 3 2 1
eZ 4 2
ef 5 4 3 2 1
7 8 6 4 2
|
41 derivs.
Deg. 7
Ord. 1 2 5 7 9 11 13
0 by bl aby an a¥ a’l;
dy ey ant .. b% ab® abi
P b2 bl abl .. ade
g ek acq LY
. dh Lode ..ad®  Dee
..eh bed cl
fo ..el o fh
an 2 1
an 4 3 2 1
o1
bk 2 1
bl 2 1
¢ 1
el 3 2 1
cl 6 5 4 3 2 1
ah 3 2 1
dr 3 2 1
eh 4 3 2 1
et 5 4 3 2 1
fh 4 3 2 1
fi 6 5 4 3 2 1

46 derivs.
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Table No. 99 (continued).

8
0 2 4 6 8 10 12 14
9> r Vg  as abj abl a’by atn
q bm  bn adg aeq atm .. ab®
& ..dk b ap abd bl
gh L.e b?h b% agj ack
gt beg Lobde  Loadh L. adi
LOd2 en b3 .. aeh
om codl beh afg
..ek il .. béd ber
R . ) c*g .. bdf
od? . ede
c.oel
o fk
LR
ao 1
ap 5 4 3 2 1
bm 2 1
bn 2 1
cm 2 1
on 4 3 2 1
dj 1
dk 3 2 1
dal 3 2 1
o 1
el 3 2 1
el 5 4 3 2 1
7y 1
fh 3 2 1
Ji 7 6 5 4 3 2 1
-hi 4 2
T 4 3 2 1
% 6 4 2

52 derivs.
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Table No. 99 (continued).

9
1 3 5 7 9 11
7 bo ag? ar ab®q a®o
gk aq . 0% abm abn
s b%j beg adj .. adk
bdg bp agh .. agf
.. dm o bd age
hy .o dn bej . bl
..em .. bdh b2
gl cdyg bele
.. hk o3 .. bde
g ..en .. beh
N7 . bfy
ceq
o
.. d%
.o fm
ol
ar 2 1
bo 1
bp 2 1
o 1
op 5 4 3 2 1
dm 2 1
dn 3 2 1
ein 2 1
en 4 3 2 1
fin 2 1
fn 4 3 2 1
hj 1
Rl 3 2 1
hl 4 3 2 1
i 1
i 3 2 1
il 6 5 4 3 2 1

46 derivs,

643
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Table No. 99 (continued).

Deg. 10
Ord. 0 2 4 6 8 10 12
by br agj abo a?g? atr
bq ..do big agl atq .. ab’l
gm  gn b2m as - ab¥ - abeg
J? 7k bdj b abdyg abp
bgh L bdl L adm aco
cg® .. bej  aky .. adn
cq bgi A .. aem
od¥ or b3 agl
.. €0 . deg by .. aklk
chmeo odp VMR L al
12 o bem b
otmo L bek .. bde
gl .. 0RY ben
edy .. bdl
cgh . bff
A% .. bR
Letg L Lcdk
..ep ..cef
.. fo cgi
com L. d%
Rl .. deh
. dfy
as 3 2 1
br 2 1
or 2 1
do 1
dp 3 2 1
eo 1
ep 5 4 3 2 1
fo 1
fp 5 4 3 2 1
I 2 1
hn 4 3 2 1
m 2 1
n 4 3 2 1
jk 1
Jl 1
kk 2
It 3 2 1
/) 6 4 2

44 derivs.
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Table No. 99 (continued).

11
1 3 5 7 9
go by b% abg? abr
¢ dg? byl abq .. ado
dq bs agm agn
jm Loar ay? ajk
eg® b3y .. 0%k
eq bedg .. bley
ap .. bdm b%*p
.. ho bhj - beo
Logn cqj .. bdn
. m Lo dy .. bem
. dgh byl
.er .. bhl
) .. by
. kn ol
cs
.o P
.. def
..o dgi
.. egh
I7
fa
)
Im
bs 2 1
cr 3 2 1
dr 2 1
er 2 1
fr 2 1
ho 1
hp 4 3 2 1
70 1
ip 5 4 3 2 1
Jm 1
Jn 1
km 2 1
kn 3 2 1
Im 2 1
In 4 3 2 1

35 derivs.
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Table No. 99 (continued).

12
0 2 4 6 8 10
P gr b%g? ago abgj ab®o
g Jjo b%q al .. adg? abgl
% bgm b adq abs
by? .. bdo ajm . adr
dgj bgn bty aeg®
g*h ik b3m aeq
hq .. dgk b2y agp
.. ko .. ds b2gh .. aho
.. m? ..eqf beg® . gn
g™ beq .. akm
ol .. bd%g b3n
iq .. beo .. b3k
o gp .. bhm .. b%f
. .omn Y . b
cgm ber
o® .. bdeg
.. d*m .. bdp
.. dhy . bhn
. egk .. bim
e .. bl
. gh? .. cdo
s cgmn
lep ok
.o .. dn
. n? .. dem
.. dgl
.. dhks
. dij
. ehy
0y,
gl
at 1
ds 3 2 1
es 3 2 1
S5 3 2 1
hr 2 1
o 2 1
jo 1
Jp 1
ko 1
kp 3 2 1
lo 1
Ip 5 4 3 2 1

26 derivs.
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Table No. 99 (continued).

Deg. 13
Ord. 1 3 5 7
9% bgo ag? agr
Jq bt agq ajo
) %% au .. b3
gs bgj .. bk
Lo bdg* b%
kg bdg .. bdr
.. MmO bjm beg?
.. dgm  beq
.. dg? bgp
ghj .. bho
o kr . bn
. n0 .. blem
cgo
ct
. d%
. dgn
. dik
.. egm
.. g?
gl
.. ghk
- g
< hs
.. lg
. mp
bt 1
ct 1
hs 3 2 1
s 3 2 1
Jr 1 :
kr 1
Ir 1
mo 1
mp 2 1
70 1
np 4 3 2 1
19 derivs.

MDCCCLXXVIIL.
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Ord.
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Table No. 99 (continued).

14 15
0 2 4 6 8 1 3 5
bg3 bgr ..oa9¥ abgo g% bg¥ .. %o
bgq bjo ajq abt gt big b%
bu dgo  av ag*k ogq b R
g*m L.odt b3g? ags dg® bgs
a7 9*n b3q ..o dgq L by
mg qjk b%gm akq ..du  bkg
.. 0 Js b2 .. amo qjm .« bmo
oo bdgf b3r YL . dgr
ng bg*h .. b%do .or .. djo
bhq . b%gm eg?
Lo bko DYk egq
Lobm? L L bdgk ..ol
cg? .. bds 7%
cgq .. begj <. gho
cu bg* . gjn
Lod¥? L bl . gkm
..d¥q  big Rt
Ldjm .. bp Sk
.ego .. bmn .. ms
. eb cgr Pq
. ghm  ¢o
.. ZW ’ dr by 1
. hy? deg? cv 1
. ks .. degq ht 1
Lo .. dgp it 1
.op ..dho ms 2 1
. djn ns 3 2 1
. dlom or 1
. gm pr 2 1
. ghn
. .gum
- gjl
< Ik
i
dé 1
et 1
Jt 1
Js 1
ks 3 2 1
ls 3 2 1
mr 2 1
wr 2 1
op 1
»p 4 2
17 derivs. 12 derivs.
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Table No. 99 (contiriued).

Deg. 16
Ord. 0 2 4 6 8 Col. 8 concl.
gt Pr D ag?o .. abg¥ !
9 go Vg agt abjq -« ehg
gu gt b*u aoq abv .. emo
q* qr bg*m W L adg? .. gh?
byg? b%o adgy .Lgr
bmg .o bdgo .. adu .. gkp
L bo? L bdE agim ..glo
dg% bgPn P . .ogn?
djq bgjk .. aor . Wy
Lodv By btg? .. ko
h L bmr b . hm?
ghg .obng  bigm .. o
- N /7 gl
cogm? L dgs bidgy . kP
cohuo o odgr DPgth LAt
oPmo L odbg BPhg .. ps
Lkt ..dmo .. b6%o
B Y B
N ..eq) beg®
..oev begq
g% bew
coglr L bdPg?
giq .. bd¥yg
cogip .. bdjm
cogmn .. bego
. hjo .. bet
. .. bghm
P L byl
oo gkmo L biy?
. bles
. b
.. bop
cg®m
cgj®
emyq
. co®
.. Egm
.. dP
.. dghy
. dlr
.. dno
. eq*h
. egs
. gr
|
dv 1
ev 1
Jo 1
gt 1
Kt 1
i 1
op 1
0s 1
P 4 2
ps 3 2 1
13 derivs.
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Table No. 99 (continued).

17 18 19
1 3 5 0 2 4 6 1 3
g% by ag* w byt bpPr .. aghy glo  bgY
g byt ag’q by*q .. bgjo  agjq 9t bgjq
qv bogq agu bgu bjt agv ggo  bgv
Ju ¢k ag® bg? bgr aju ou bju
9% big? gom ..dgho B33 qt dg*
ogjr o Vg 9%? ..odgt DPgq dg*q.
glgq b gmyq ..dog  DPu .. djt
..o gmo  bdg? LLg0* gPn b2gPm dqg?®
..j%  bdggq 7q gyl V5 gm
ku bdu . gv qjs bng gt
..omt bgim mu cogmr . bP0? .. gor
qs R ..ot gngq bdg?j Jmg
.. bor o8 bdjg .. jo?
. dg®m Jkq .. bdv .o
- dgj? .. jmo  bgdh "t
. dmgq ) bghg
.. do? i obgko | my 1
g*hj . bgm? | nw 1
.. ghr bl ré 1
.. gno b |
hiq .. bkt
ol . boz
. jko L by
.. jm? cgi
.t cg°q
.78 cgu
cq®
}'L’u 1 .. olfgf“
. dPu
nt 1 ... dgim
rs 2 1 .. djgg
. dor
.. eg%
. egt
. eoq
. g%hm
PR
.. ghf?
. ghks
. .ogmr
.. gop
. hang
. ho?
gk
.. gno
. kq
. kmo
. m3
.. pt
. s?
o 1
kv 1
w 1
of 1
pt 1
ss 2
6 derivs. 6 derivs. 3 derivs.
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Table No. 99 (concluded).

651

Deg. 20 21 22 24
Ord. 0 2 4 1 0 2 0
9P bw b2t g4 gw  bg g8
Pq  gr b’g%q 9%q bgq 9'q
gu  g%o b2gu i) bg*u 9Pu
9¢° .9t U g by 97
qu gqr bg*m Jiq? bqu gqu
.. joqg  bg¥? qv g'm Q?
ov bgmq - g%? u?
i .. bgo? 70 1 gimq
bj*q N A I 1
- bjo 9
b ..oqv
.. bot gmu
dgPq . . got
dgjq Ju
. dgo my®
dju . 0%
g*h L2
2y
‘f]. ggﬁko sV 1
.. gPm?
ghu
.. gfPm
. .ogkt
.. gos
.ogr?
hq?
Lot
. jor
kog
mq
mo?
st
o 1
pv- 1
sv 1
3 derivs. 1 deriv. 1 deriv. 1 deriv.

384. The Canonical form (using the divided expressions, Table No. 98) is peculiarly

convenient for the calculation of the derivatives.

Some attention is required in regard

to the numerical determination : it will be observed that A is given in the standard form
(Ay, Ay, Ay, Ay, A, AYx, y)?, while the other covariants are given in the denumerate
forms B=(B,, B,, By, v)* &c.: these must be converted into the other form
B=(By, $B;, BJx, v)’, O=(Cy, 3C1, 150y 4605 15Cu 305 Colm, )% &c., the

numerical coeflicients being of course the reciprocals of the binomial coefficients. We

thus have, for instance, the leading coefficients,

Z.C. Of AC2=A0.'11‘5“02 — 2. Al.%ol + AQ-Co, but

2 B02=B x

0° L5

02 bl 2-'2%B1.%;Cl + Bg.Oo.
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Moreover, as regards the covariants AA2, AA4, &c., we take what are properly the
half-values,

lc. of AA2=A A,—A}? (instead of AjA,—2A A +AA),
o0 AAA=A A, —4A A3+ 3A,° (instead of AjA,—4A A;+6AA,—4AA —AA)),
&e.,

and similarly

l.c. of BB2=B;B, — (}B))?
3 2 CC2 ZCO.—llgOQ —_ (%01)2
&c.

Any one of these leading coefficients, for instance lc. of AC2, is equal to the
corresponding covariant derivative, multiplied, it may be, by a power of ¢ : the index
of this power being at once found by comparing the deg-orders, these in fact differing
by a multiple of 1.5 the deg-order of @. Thus

a2, AjA,— AP deg-orders are 2.6, 2.6 or aa2=A A,—A?,
1
aad, AgA,—4AA;+3A2 deg-orders are 2°2, 4°12 or aa4=6~l§(AOA4—4A1A3+ 3A%);

we have in fact
AA,—AP=1.c—0%=c¢ : and aa2=c,
AA,—4A A 4B8A =1 . (¢®—38¢)—4.0.f+3.c=a :  andaad=b.

As another instance, and for the purpose of showing how the calculation is actually
effected, consider the derivative ch2, which is to be calculated from the leading
- coefficient of CH2, =C.tH,—2.3C,.1H,4+5C,. H, : this is

= o(ga’g—2abd—ch)

—2 . 1f (Bhe—)
+ (Fab—cA)h

=column next written down ; but this column contains congregate terms which have to
be replaced by their segregate values (see Table No. 96, deg-order 8:16); and we thus

obtain
a¥  a®®  a?bh a’cg abed b ¢*h

La*bh +3 ‘

atey +5

—2abed Po—

—Lbef ~% L +3 42

— 2¢%h ! —2

A T T M R B
= ¥ =%+ % o 0 0
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viz., the terms other than those divisible by a?all disappear : we may either abbreviate
the calculation by omitting them ab wnitio, or retain them for the sake of the
verification afforded by their disappearance. The factor a? divides out, and the final

result is
chiz=}aj—J+ K —ieg,

which is the proper segregate expression of the derivative ch2: of course, we have
deg-order CH2=8.16, deg-order ch2=6.6, and the difference is 2.10, the double of 1.5,
so that the factor o is as it ought to be.

Table 100 (The Derivatives up to the Sixth Order).

Degree 2.
22| b 26 | ¢
aad | +1 aa2 | +1
Degree 3.
3.1 3.3 d 35| e 3.7 | ab I 3.9 f
acd | 0 ab2 | —3 abl | + % ac2 | +1 acl |+%
acd | +12 acd |+
Degree 4.
40| g 4.2 44| Bk 46| 4
aes | —2 ad3 | O ad2 | =% 41 adl |+3%
02 | —3% aed | O aed | —%& =& ae2 |+¢
6 | = of 5| +&5 —43 of 4 |+3%
b2 | +3 —% bel |+1
cod | +5%5 —v%
4.8 l ad be 410 | ae 412 | o®  ?
ael | — —2 af 2 |+1 l afl | +2 =2

SCY
N W
+ +
Bl plo wjor

0o

|

oo
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Table No. 100 (concluded).

Degree 5.
51 4 5.3 I 5.5 | ag b 5.7 | be i
ahd | +2 ah3 | +% ak2 | ++ —2 ahl | —2 —4
wb | —4 ard | +31 ad | +0 —2 ar 2 0 +3
bd2 | —2 bl | —2 bel | —1 42t o2 | — 41
ced | —% be2 | —3 cd 2 0 —= cd 1 0 +3%
ed3 |+ ced | —gy —Ai8 ce 2 i -2
ced | +% df 5| —75 +% dfd | —5'5  +4%%
o | 3
59| ab? ah cd 511 | ad ce 5.13‘ a®d  abe
wl|—3 +1  +3 42 |+t to Y|+t -t
Bl +3 —%  +3
cel 0 —% +2
df3 | +3% —d —i5%
Degree 6.
6.0 6.2 | by m 64| = 6.6 aj % bh cg
66| 0 a3 | 0 —4 Gl | —1 al|—2 42 —3 +1
ab| 0 420 ak2 | +1 a3 | —1s 2 3 +4
2 | —1 —2 ad | — Bl | —1 s =1 0
ch 4 2 —2 bhl | +3% ch2 | +1% 1 +1 -1
C?; 5 O +—§— biQ +%— 07: 8 —% “'31"6 +‘1§1' +37—0-
dd2 0 +1 ch3 | +35 del | —<% +& +% -1
de3 0 —4 4| +15 afs | +4%%  —ard +E 0 g
eed -1 —%% de2 '—-':—1; ce 2 ""—2-4”3 +§4’g '—'%% +'§9§
S8 —5is —%% o5 —&% efd | +33¢  —ibvy  ts% —T55
SF6 1 —333F  +35E 55—
6.8 | ok bi 6.10 g abd b ch
al2 | —5% +H& al 1 0 —2 -1 +1
chl | +3 +3 ci 1 0 -1 +1 —%
2| +5 +4% df 1 0 -3 +3 —%
df2 | —idy —% of 2| +55 +1% —ir %
g3 | +%% +5 Jrd] +aks —7% T4 —d%
6.12 ( abe al ot 6.14 ‘ a?b®  a’h be?
g1 3 —2 —3 fF2 ) —d +de +E —3

which is complete to the sixth degree. I had calculated the derivatives up to the
tenth degree, but the results were not in the segregate form.
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On the form of the Numerical Generating Functions : the N.G.F. of a Sextic.
Article Nos. 385, 386.

385. It is to be remarked that the R.G.F. is derived not from the fraction in its
least terms, which is algebraically the most simple form of the N.G.F., but from a
form which contains common factors in the numerator and denominator : thus for the
quadric, the cubic, and the quartic, writing down the two forms (identical in the case
of the quadric) these are—

Quadric
1

NG = o7

Cubic
1 —aa+a’x? 1—abzb

N.G.F.= 1—at 1—aad 1—azx T 1—at 1—add 1—a%? 1 —0%.

Quartic
1 —ax?+ aat 1 —abz?
NGF. = 1—02 1—a3 1—azt 1—az® T 1—0 1—a3 1—azt 1—a%? 1 —adb.

For the quintic the two forms are, N.G.F. =

(1 —ab + a12)g0
+(—1 +at +2a8’ ‘ —a'?)aw!
+( +a? —a8 + al0)a?
+(~1 +at +ab +ab —qlo —a1%)aa?
+(+1 +a? —at —ab —a8 + al?) %t
+( —a? +at —al0 YaBab
+(+1 —2ab —ab + al?) a8
+(—1 +af — ) afa’

divided by

1—at. 1—ab. 1—aB. 1—aab. 1—aad. 1—azx

MDCCCLXXVIII. 4 v
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and

(1 +a'8)a0

( at +afb +al0 +at? B aw

( at +ab +a8 +ql0 + g4 —a18)aar?
(1] +a +at +a? )b
(1 +a? +at +af +ql0 gl Yadat
(1 +at +ab —aqlt YaPah
( a? a2 gl Yl
( o —at T —qlt —ql6 —a18) aafl

( _glo —al® _glt —qlb —a18) a8
( gt —f —qlo _al® _glt T Yaa?
( —ab —a8 —al? —qlt Va0
(—1 T —a18) gt

divided by

1—at 1—a8 1—al? 1—aab 1—a?2? 1—a2b

this last being in fact equivalent to that used for the determination of the R.G.F.

386. For the sextic the forms are, N.G.F. =

(1 +a —a? —at —ab +a7 + aB)al
(-1 —a +a? +2a? +2a% +adb —al —aB)ax?
(-1 +a? +a® +at + b —a’ —aB)aa*
(1 +a —a? —at —ab —af +aB) a’ab
(1 +a —a? — 20t —2ab —ab +a7 + a8)ala®
(—1 - a +d? +at +ab —al —a8) a0
divided by
1+a.1—a? 1—a?. 1—a* 1—db. 1—aaf. 1—axt. 1—aa®
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and
1 +a¥ )ab
+( 1 +a? + at —:;; +al —.—:—;’9— Yada?
+ ( +a2| +a® |+at|+ad|+ab|+al +d8:'—a; + all )atat
+( 1 +a +20|  |tab|4ad +ad| ' —a’ ) aBa
+( +alb + a5 ‘:_—0; 4.5 T — @105 — 125 —qhs Ya25a8
+( + a? o ja—t; —a| —a' —2a2 —at | —a® )Pzl
+( T —at —ab | —a| O —al0 | gt | —gi2 | —g Yadal2
+( —ab :,:5 T —ql0 | —gl! —aB —a® )a%x!
+(-1 v o —ab )aba'6
divided by

1—a? 1—at 1—ab. 1—al 1—aab, 1 —a2st 1—a2?®

where observe that in the middle term, although for symmetry a® (=,/a) has been
introduced into the expression, the coefficient is really rational, viz., the term is
(P4 P+ a"—a®—a'—a'")x’.  The second form or one equivalent to it is due to
SYLVESTER : I do not know whether he divided out the common factors so as to
obtain the first form. I assume that it would be possible from this second form to
obtain a R.G.F., and thence to establish for the 26 covariants of the sextic a theory
such as has been given for the 238 covariants of the quintic, but I have not entered
upon this question.

4p 2
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Table 93 bis (The covariant S, adopted form =—(D, M)).

In this Table, a, b, ¢, d, ¢, f denote, as in the tables of former memoirs, the coeflicients
of the quintic form (a, b, ¢, d, e, f Y =, y)®.

S=( e — 2 | afeds — 3 | aed®s + 3 WEP  + 2 (Tw,y)°
Adef* 4+ 15 Peft + 3 ede’f* — 6 APt — 6
df — 9 edPef? + 24 ceYf 4+ 3 deff  + 6
i — 9 dSf  — 42 Bt — 3 S~ 2
cd?f — 6 ceb + 18 &R + 6 afbed?f’  — 15
ede* 4+ 9 ar? — 18 deb — 3 cde? 4+ 380
def + 9 A+ 383 a3 — 3 cetf  — 15
dsed  — 7 et — 15 ae’f? + 6 ddef? + 15

a4+ 6 a®b®df?  + 6 etf — 3 a?e3f  — 30
edef?  — 30 et — 6 ,» betdfs  — 24 deb + 15
ce’f 4 18 dPef?  — 24 e 4 24 2 0033 4+ 9
a4+ 9 dedf  + 42 edPef? + 78 AeY? — 9
e + 6 & — 18 cde’f  —108 AdPef? — 21
det — 9 wbf  + 3 0 + 30 dedf + 15

»beef?  — 15 *def2 — 78 ayr — 24 S 4+ 6
Ad¥? + 21 ?f  + 69 B + 24 cd¥? 4+ 3
Ade*f — 6 P2+ 93 y D45 4 18 cdPe 4+ 21
et 4 18 cd®®f — 51 Adef? — 93 cdet  — 24
odief + 80 cdet — 33 SSf  + 21 def  — 9
cd?e  — 51 dtef  — 5Y A2+ 86 e+ 9
dif  — 36 e+ 54 AP +123 alP  + 9
d*? 4+ 89 » D0ctef?  + 24 fdet  — 51 deyf? — 18

LW — 3 S — 36 odbef —111 M+ 9
cle?f  + 45 CoBdef — 9 . edPé 4+ 39 » DA+ 6
dcdlef — 84 et — b4 asf  + 27 et — 6
Ade®  — 63 Adlef + 24 dre? — 9 cd?ef? + 6
dy 4+ 45 AdPed 4129 a bBedf® 4+ 42 cde’f  — 24
Adse® 4150 cdf -+ 9 ce*f? — 42 ceb + 18
edbe —117 edte®  —114 dPeft — 69 ar?  — 45
v + 27 de 4+ 27 ad’f  + 96 de?f 4+ 96

atbtof — 6 atbtas — 38 € — 27 dPet  — 51
def®>  + 15 ef? 4+ 3 b D233 — 33 w3 — 9
ef — 9 5 D3 — 6 Adef? 4 51 Adef* — 30

, B3Pt 4+ 30 odef?  +108 e+ 48 BeBf 4+ 66
od?f? — 15 ce®f  — 96 o 4+ 9 AdPf? 4+ 84
cde’f  + 24 aFrr — 21 cd?e®f —147 AdPef — 36
oot — 45 AP — 48 cdet 4+ 39 et —102
dief — 66 de*  + 63 dtef + 78 cdlef —174
d?e3  + 72 » 0%Pef? — 24 dBed  — 45 cdPed 210

,» 02?2 — 21 Cdy =123 , btef? 57 a5 4+ 63
def  — 96 *de?f 4147 Fdyr — 24 e — 72
d’ef + 36 ket + 66 Ade?f — 78 5, D0Pef? 4+ 36
*de® 4213 cPef + 78 det — 60 AdAf? — 45
edt 4120 cdbe® —186 Addef + 36 cdedf —120
edPe?  —303 af 4+ 51 d?e 4108 ot — 6
dfe  + 51 d*%® — 9 edif  — 24 AdPef  +204

w052 4+ 9 | L bekdf? +111 cdte® — 6 AdPed 4120
ctdef  +174 ctetf  — 78 dfe - 9 A — 66
ched — 36 Adfef — 36 y D032 — -9 Ad¥? —240
Adf  —204 . Aded  — b4 deYf  — bl edbe 4144
SdPe® —174 cdYf  — 96 cd’ef + 96 das — 27
Adte  +330 AdPe?  +150 e +111 a%ledfs — 9
s — 99 e+ 30 Sy — 27 cf? + 9

(continued on next page.)
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(continued from last page.)

atbOcbef  — 63 atb d7 — 27 A OBdBE —234 | a%bidl%f? — 18
APf + 66 5 0082 — 27 Adfe +141 de’f  + 45
cde? 4+ 99 codef  + 24 cd? — 27 & — 27
ctdde  —147 S+ b4 adb5dfs  — 18 , P33+ 7
Adb + 45 cd3f  + 27 ef? + 18 Adef? + 51

a%bbf3 + 2 ctdfe? — 93 | b + 15 f  — 72

bocef2  — 15 Acdte + 6 cdef?  + 33 cd?f?  + 63
B — 6 A5 4+ 9 of  — 63 BPf —213
de’f — 18 adb5¢f3 + 3 a3+ 54 eded  +171
@& 27 dof*  — 80 P — 66 dvef + 36

, VY2 + 24 &f + 27 det + 27 dded  — 43
ef  + 51 » Uled?? 4+ 51 . DPcPef? — b4 5, Dctef? — 39
cdPef  +102 ode®f  — 89 A —129 Ad¥t —150
cded  —171 cet — 97 Ade*f 4186 Ade’f 4303
arf + 6 PBef 4+ 60 et 4+ 45 et — 18
die¢ 4+ 18 d?e¢  — 4b cdPef  + 54 Adief +174

b3 — 9 ,, bPAdf2 — 39 cd?e3  — 96 AdPed  —345
Sdef  —210 SEf 4 45 &Ff  — bk of  — 99
et 4+ 43 d?ef —108 d*te®  + 48 od*® 4192
A} —120 Aded  + 96 ), DA +114 dSe — 18
AdPe®  +345 cdyf  —111 ce?f  + 9 » 0 Pdfr +117
cdte  — 87 cdPe®  +147 cddief —150 et — bl
ds - 2 dbe — 30 Aded  —147 ctd?ef —330

y D%Pef 4+ 72 , D% 4+ 9 A+ 93 ctdet 4 87
APf 4240 ddef + 6 A +150 Y +147
ctde?  —192 et — 48 cdbe  — 87 Adie?  +186
cdle  —186 A3 +234 ar + 18 *dbe  —201
AP+ 96 Ad?e® —150 »bcf2  — 27 ed? + 45

5 0c8df  —144 Adte —108 ccdef — 30 5, DOCTf2 — 27
e+ 18 edb + 57 e+ 30 Sdef  + 99
cdle 4201 wbef  + 9 ABf — 6 b 4+ 2

©octdt — 87 cd?f —141 cAd%? 4108 A — 45

sy DOCSf + 27 cde?  + 87 Adte  — 96 Sd?e? — 96
clde  — 45 - e + 96 Adb 4+ 21 ctdte + 87
A3+ 20 Ads  — 51 , 00lef 4+ 27 3dé  — 20

5 D0cldf  + 27 Sd¥ — 9 ’
e — 18 Sde?  — b7
SdPe - — 21 ddde  + 51
Add 4+ 12 Adb — 12

I remark that I calculated the first two coefficients Sy, S;, and deduced the other
two S, from S;, and S, from S, by reversing the order of the letters (or which is the
same thing, interchanging a and f, b and e, ¢ and d) and reversing also the signs of the
numerical coefficients. This process for S,, S, is to a very great extent a verification
of the values of S, S;. For, as presently mentioned, the terms of S, form sub-
divisions such that in each subdivision the sum of the numerical coefficients is =0 :
in passing by the reversal process to the value of S, the terms are distributed into an
entirely new set of subdivisions, and then in each of these subdivisions the sum of the
numerical coefficients is found to be =0 ; and the like as regards S, and S,

If in the expressions for Sy, S, S, S, we first write d=e=f=1, thus in effect
combining the numerical coeflicients for the terms which contain the same powers in
a, b, ¢, we find
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So=a¥—2c+6c*—6¢+2)

+a? {b*(6¢*—12¢—6)+b(—15¢3+33c¢*—21c+43)
+0%(4264*—147¢3+195¢*—117¢+27)}

ta (bt 04+b3(30c2—36¢+6) b (—117¢3+249¢2—183¢-+51)
+b(9654138¢*— 3786343300 — 99¢) 4-b%(— 63¢5 +165¢5 — 147 ¢t 4-45¢%) }

+a0. {0 24b5(—150+8) 404756 —69c+24) +b¥(— 9 — 167¢3+225¢2—87c—2)
+0*(72¢° 4 48¢*—186¢°+96¢%) +-b(— 126 +201¢°— 87¢%)
4002768 — 45¢"+20¢%) }

which for ¢=1 becomes
=20%—12b54-30b*— 406°4-306*—12b+2, that is 2(b—1)5.

and for b=1, becomes =0.

So= a3(0c¢®4-0c¢+40)
+a{b%(0c40) +-b(33 — 92+ 90— 3) +-B0(240* — 9963+ 153¢°— 105¢+-27) }

+a (b4 053 (—6c2+120— 6)+b%(—24¢3+90¢*— 108c442)
+b(33¢4—90c3+ 546>+ 30— 27) 0. (—27¢54-78¢5 — 66 4663+ 9¢2) }

+a0{b%(3c— 8) +b%(— 15¢+15)+b3(6¢>— 12¢*+36¢— 30)
+5¥(9¢5— 426+ 84¢2 — 10862+ 57¢) +-b(9c5—54c5 496t —51¢9)
+5°(9¢7—9¢") }

which for ¢=1 becomes =0.

S;=a*0c+-0)
a2 (B, 04b(0c2400—+0) +bO(18c4— 7263410867 — 7204 18))

+a {b3(0¢+0) +-bH(—33¢*+99¢"—99¢ +83) +b(57¢*— 16263+ 144¢°— 300 —9)
+0°(—60c°+207ct—261c3+4141¢*—27¢) }

+a0§bb. 04-b%(15¢*—30c+15) +b3(—54¢34102¢*— 42¢—6)
—|—bg(1 28¢*—297¢®4248¢*—87¢41 8) +b(—2706-|— 102¢t— 9603—}-2102)
+00(27¢"— 665+ 51c5—12¢%)}

which for c=1 becomes =0.
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S,= a0
+a*{b(0c+0) +b°(0c*+0c*+0c+0)}

+a {5 04-b2(0c240c+0) +b(—9ct+36¢3—54¢24-36¢c—9)
+1°(36¢5 — 17 1¢44324¢8—306¢*+ 144c—27)}

+a0{b4(0c—+0) +13(7cP—21 P+ 21— T7)+b¥( —39¢"+ 1856 — 171¢*+93¢c—18)
+b(660°—243¢*+ 3335 —201c*+ 45¢)
+b9(—27¢"+ 101 — 1415 +4-87¢*—20¢%)}

which for ¢=1 becomes =0.

Tt follows that for c=d=e= -f=1, the value of the covariant S is =2(b—1)%?, which
might be easily verified.



